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TEST MODULE FILTRATIONS FOR UNIT F -MODULES
AXEL STÄBLER
Abstract. We extend the notion of test module filtration introduced by
Blickle for Cartier modules. We then show that this naturally defines a filtra-
tion on unit F -modules and prove that this filtration coincides with the notion
of V -filtration introduced by Stadnik in the cases where he proved existence
of his filtration. We also show that these filtrations do not coincide in general.
Moreover, we show that for a smooth morphism f : X → Y test modules
are preserved under f !. We also give examples to show that this is not the
case if f is finite flat and tamely ramified along a smooth divisor.
Introduction
If R = C[x1, . . . , xn] and f ∈ R is a hypersurface then the multiplier ideal
filtration J (R, f t)t∈Q≥0 is a descending right-continuous filtration of ideals in R
which captures subtle information about the singularities of f . This filtration is
obtained by considering a log-resolution of f . Due to work of Budur and Saito ([7],
[6]) it is known that it captures parts of the information provided by the V -filtration.
More precisely, if γ : SpecR→ SpecR[t] is the graph embedding t 7→ f and γ+R is
the DR-module pushforward then the V -filtration of γ+R intersected with R yields
the multiplier ideal filtration. The associated graded of the V -filtration (constructed
by Malgrange ([19]) and more generally by Kashiwara ([15])) corresponds to the
nearby cycles functor in the category of of DR-modules.
Let us now assume for the rest of the introduction that R is smooth over a
perfect field. Then we have the theory of so-called test modules τ(M,f t)t∈Q≥0
at our disposal, where M is a coherent R-module endowed with an R-linear map
κ : F∗M →M .
For example, if R = Fp[x1, . . . , xn] and M = R, then F∗R is free with basis
xi11 · · ·xinn and 0 ≤ ij ≤ p − 1. Hence one can define a map κ : F∗R → R sending
xp−11 · · ·xp−1n to 1 and all other basis elements to zero (if one identifies ωR with R
via dx1 ∧ · · · ∧ dxn 7→ 1 then this is the Cartier operator). In this case the corre-
sponding test ideal filtration τ(R, f t)t∈Qt≥0 is then the characteristic p analogue of
the multiplier ideal filtration.
The pairs (M,κ : F∗M → M) form a category which we call Cartier modules.
It is an abelian category and it admits a natural functor to the category of DR-
modules whose essential image are so-called unit R[F ]-modules. In fact, suitably
localizing the category of Cartier modules one can turn this into an equivalence
with unit R[F ]-modules which are special well-behaved DR-modules. Moreover,
by work of Emerton and Kisin [10] one has an equivalence of unit R[F ]-modules
with perverse constructible Fp-sheaves on the étale site associated to R. Since
nearby cycles themselves are not well-behaved in this category (it is not a functor on
constructible sheaves among other things) it is now a very natural question whether
one may construct a V -filtration in the category of unit R[F ]-modules or Cartier
modules that captures the desirable properties of the V -filtration in characteristic
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2 AXEL STÄBLER
zero. In [21] Stadnik introduced a notion of V -filtration in the category of unit
R[F ]-modules, proved existence in a special case and showed that in this case the
zeroth graded piece corresponds to the unipotent part of the (underived) tame
nearby cycles. In [20] the author showed that in the category of Cartier modules
one may characterize the test module filtration by certain axioms that are akin to
a V -filtration and showed that if (M,κ) corresponds to a locally constant sheaf
and x defines a smooth hypersurface then GrτM (the associated graded of the test
module filtration in the range [0, 1]) is naturally isomorphic to i!M as a crystal,
where i : SpecR/(x)→ SpecR is the inclusion. Moreover, the author also showed
that if ϕ : SpecS → SpecR is étale then ϕ!GrτM ∼= Grτϕ!M . Both results hold
for nearby cycles in characteristic zero.
In the present paper we achieve two things. We extend the definition of test
module filtration to Cartier modules that are obtained as the pushforward of a
coherent Cartier module along an open immersion. In fact, we show that the
definition of test module may be carried over to unit R[F ]-modules. This enables
us to compare the test module filtration with Stadnik’s notion of V -filtration. We
will show that these two filtrations coincide for the cases where Stadnik proved
existence but not in general. Moreover, we show that for ϕ : SpecS → SpecR a
smooth morphism one has ϕ!GrτM ∼= Grτϕ!M (as one would expect from well-
behaved nearby cycles).
We now describe the contents of this paper in more detail. While working with
Cartier modules we will be able to relax our assumptions to R being F -finite (that
is the Frobenius R → F∗R is a finite morphism). Whenever the equivalence with
unit R[F ]-modules is involved we have to assume, in addition, that R is smooth
over an F -finite field. In the first section we review the theory of Cartier modules
and unit R[F ]-modules. Given a Cartier module M we obtain a unit R[F ]-module
by considering colimF e!M ⊗ ω−1R = M. There is natural map M ⊗ ω−1R → M.
We show that if two Cartier modules M,N define the same unit R[F ]-module
then the images τ(M,f t) and τ(N, f t) inM coincide (Theorem 2.8). This will be
accomplished in Section 2 after several preparations. Next, we extend the notion of
test module filtration in Section 3 in order to be able to compare it with Stadnik’s
notion of V -filtration. Namely, if j : D(f) → SpecR, where f ∈ R, is an open
immersion and (M,κ) a coherent Cartier module then j∗M is of course not coherent
in general. However, there are coherent R-Cartier submodules N ⊆ j∗M for which
the inclusion is a local nil-isomorphism. We then show that τ(N, f t) is independent
of the choice of N and use this to attach a test module filtration to j∗M .
Section 4 deals with functorial behavior of F -regularity and test modules. We
show that for a smooth morphism ϕ : SpecS → SpecR one has ϕ!τ(M,f t) =
τ(ϕ!M,f t). This is a local problem. Since the étale case was handled in [20]
this boils down to understanding how ϕ! transforms the test module for the map
ϕ : AnR → SpecR. Once one has analyzed how the structural map F∗ϕ!M → ϕ!M
looks like this is an explicit computation. We also give examples that this no longer
holds if ϕ is finite and tamely ramified along a smooth divisor.
Finally in Section 5 we achieve the comparison with Stadnik’s V -filtration. We
show that these two filtrations do not coincide in general (Example 5.8) and show
that they coincide in the cases where Stadnik proved existence. We also show
that the zeroth graded piece of Stadnik’s filtration which carries a unit F -crystal
structure corresponds to the associated crystal of the first graded piece of the test
module filtration. Both statements are part of Theorem 5.23.
As usual, whenever the upper shriek functor is involved there are a lot of com-
patibilities to be checked. Eventually all the compatibilities involving upper shriek
and Cartier structures will hopefully be contained in an updated version of [3].
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In order to keep this paper reasonably self-contained we prove all compatibilities
involving upper shriek and Cartier structures whenever there is no direct reference.
In doing this we do not strive for maximal generality but rather restrict to the cases
that we really need.
Conventions. We assume that our rings are of positive prime characteristic p > 0.
If R is a ring then R◦ denotes the elements of R that are not contained in any
minimal prime.
Throughout F denotes the absolute Frobenius morphism. A noetherian ring R
is called F -finite if the Frobenius F : SpecR→ SpecR is a finite morphism. Recall
that by a result of Kunz [17] an F -finite ring is excellent.
For a rational number t we denote its round down by btc = max{n ∈ Z |n ≤ t},
by {t} = t− btc its fractional part and its round up by dte = min{n ∈ Z |n ≥ t}.
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I thank the referee for a very thorough reading of this paper and many useful
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1. Cartier modules and crystals
Let R be an F -finite ring. An R-Cartier algebra C is an N-graded not necessarily
commutative R-algebra such that R surjects onto C0 and such that we have the
relation rϕ = ϕrpe for all ϕ ∈ Ce. A Cartier module M is a left-C-module. We will
also denote this by (M, C). Note that if κe ∈ Ce is homogeneous of degree e then
multiplication by κe is an R-linear map F e∗M → M . A Cartier module is called
coherent if its underlying R-module is finitely generated. The support SuppM of
a Cartier module M is the support of the underlying R-module.
We will usually assume that Cartier modules are coherent with the notable ex-
ception of pushforwards along open immersions. In particular, we will omit the
coherence assumption from the notation.
We note that the localization of a Cartier module is again a Cartier module in
a natural way via the formula κe(ms ) =
κe(msp
e−1)
s .
A Cartier module (M, C) is called nilpotent if (C+)hM = 0 for some h ≥ 0. Given
a coherent Cartier module (M, C) there is a unique nilpotent submodule Mnil such
that M = M/Mnil does not admit nilpotent submodules (cf. [1, Lemma 2.12] and
note the typing error: “quotients“ should read “submodules“).
Given a coherent Cartier module (M, C) we define MC = (C+)hM for h 0 ([1,
Proposition 2.13] shows that this is well-defined). We call M F -pure if M = MC .
We will often omit C from the notation and simply write M . The Cartier module
M is the unique Cartier submodule such that the quotient M/M is nilpotent and
such that C+M = M . The operation commutes with localization and if (M, C)
is F -pure then its annihilator is a radical ideal (see [1, Lemma 2.19]).
A coherent Cartier module (M, C) is called F -regular if (M, C) is F -pure and
if it admits no non-zero proper Cartier submodules that generically agree with M
(that is if N is a Cartier submodule such that Nη = Mη for each generic point η
of SuppM then N = M). An element x ∈ R is called a test element for (M, C) if
D(x) ∩ SuppM ⊆ SuppM is dense and if Mx is F -regular.
The test module τ(M, C) of a coherent Cartier module (M, C) is the smallest
Cartier submodule of M that generically agrees with M . Existence of test modules
is proven if R is (essentially) of finite type over an F -finite field in [1, Theorem
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4.13]. Moreover, the test module exists if and only if (M, C) admits a test element.
If x is a test element then
τ(M, C) =
∑
e≥1
CexaM for any a > 0.
Both statements are part of [1, Theorem 3.11]. In particular, if (M, C) is F -regular
then τ(M, C) = M .
For us the most important examples of Cartier algebras will be C = 〈κ〉, where
κ : F∗M →M is an R-linear map and subalgebras of C. In the first case we will also
simply write (M,κ) for the datum of a Cartier module. Of particular importance
is the subalgebra generated in degree e by κefdtpee, where t ∈ Q≥0 and f ∈ R.
We will then also write τ(M,f t) for the corresponding test module. Varying t
one obtains a decreasing filtration τ(M,f t) ⊆ τ(M,fs) for t > s. Moreover, this
filtration is right-continuous in the sense that for t there is 0 < ε  1 such that
τ(M,f t) = τ(M,f t+δ) for all δ ≤ ε ([1, Proposition 4.16]). If t ≥ 0 then the
so-called Briançon-Skoda theorem holds, that is, fτ(M,f t) = τ(M,f t+1). If R
is essentially of finite type over an F -finite field then the test module filtration is
discrete ([1, Corollary 4.19]) and rational(this follows from discreteness as in [4,
Theorem 3.1]). Finally, the quotient Grtτ = τ(M,f t−ε)/τ(M,f t) naturally carries
a Cartier structure induced by κfdt(p−1)e (see [20, Section 4]).
A morphism of Cartier modules is a morphism ϕ : M → N of the underlying
R-modules such that for every κe ∈ Ce one has κeF e∗ϕ = ϕκe.
Suppose that f : SpecS → SpecR is a morphism of F -finite rings. Then we
obtain a functor of Cartier modules f∗ as follows. Let (M, C) be a Cartier module
on S. Consider the S-module pushforward f∗M and define a Cartier structure as
follows: For κe ∈ Ce we define κe : F e∗ f∗M → M as the composition of F e∗ f∗M ∼=
f∗F e∗M
f∗κe−−−→ f∗M .
Assume now that f is finite or smooth. Then for finite f we define a functor
f ! from C-modules on R to C-modules on S as N 7→ HomR(S,N) considered as
an S-module via the first argument1. In this case a homogeneous element κe ∈ Ce
acts via f !N 3 ϕ 7→ κe ◦ ϕ ◦ F e. If f is smooth (of relative dimension n) we define
f !N = ωf ⊗ f∗N , where ωf =
∧n Ω1S/R. For the Cartier structure note that a
map κe : F e∗M → M is equivalent to a map Ce : M → F !eM by duality for finite
morphisms (e.g. [2, Theorem 2.17]). The map f !Ce : f !M → f !F e!M composed
with the natural isomorphism f !F e!M ∼= F e!f !M then yields a Cartier structure
on f !M . We will discuss this in more detail in Section 4.
For the rest of this section we restrict to the case that C = 〈κ〉. If M is a quasi-
coherent Cartier module endowed with a single structural map κ : F∗M → M
then M is nilpotent if and only if there is e ≥ 0 such that κeM = 0. We call
M locally nilpotent if M is the union of nilpotent Cartier submodules. A (local)
nil-isomorphism is a morphism ϕ : M → N of Cartier modules for which both kerϕ
and cokerϕ are (locally) nilpotent. For a coherent Cartier module the notions of
local nilpotence and nilpotence coincide.
Recall that since we assume R to be F -finite the structural map κ : F∗M →M
is equivalent to a map C : M → F !M by duality for finite morphisms (cf. [2,
Theorem 2.17]). Explicitly, C is given by m 7→ [r 7→ κ(rm)].
The category of nilpotent Cartier modules is a Serre subcategory of the category
of coherent Cartier modules. We call the localization of coherent Cartier modules
at nilpotent Cartier modules the category of Cartier crystals. A Cartier module
1Note that this deviates from the usual definition since we do not derive, i.e. we do not consider
RHom.
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M is called minimal if2 M = M . The subcategory of minimal Cartier modules is
equivalent to Cartier crystals (see [2, Theorem 3.12]).
A nil-isomorphisms of Cartier modules becomes an isomorphism in Cartier crys-
tals. In particular, if two compositions of Cartier morphisms coincide, where all but
one morphism are nil-isomorphisms, then all of them are nil-isomorphisms. This
reasoning will be used frequently in what follows.
Assume that R is regular essentially of finite type over an F -finite field k with
structural map f : SpecR→ Spec k. Fix, once and for all, an isomorphism k → F !k.
Then we define ωR = f !k. The module ωR is invertible and comes equipped with
a natural isomorphism C : ωR → F !ωR (via the isomorphism F !f !k ∼= f !F !k)
which defines a Cartier structure on ωR. If R is smooth then ωR coincides with top
dimensional Kähler differentials and if k is perfect the isomorphism C : ωR → F !ωR
is the adjoint of the Cartier operator. In particular, if ϕ : SpecS → SpecR is a
finite or smooth k-morphism and R,S are both regular essentially of finite type
over k then one has ϕ!ωR = ωS .
We refer the reader to [1] for the theory of test modules and to [2] and [3] for the
theory of Cartier modules and crystals. Also note that everything we have done
here easily generalizes to F -finite noetherian schemes.
Unit R[F ]-modules. If R is smooth over a perfect field k then a unit R[F ]-module
is an R-moduleM equipped with an isomorphism Φ : F ∗M→M, where F : R→
R is the absolute Frobenius morphism. A unit R[F ]-module M is locally finitely
generated if there exists a finitely generated R-module M and a map M → F ∗M
such that colime F e∗M ∼= M as a unit R[F ]-modules. If the map M → F ∗M
is injective then M is called a root of M. We will only consider locally finitely
generated unit R[F ]-modules in this article and will refer to them as unit R[F ]-
modules (or unit F -modules). A unit R[F ]-module for which the underlying R-
module is coherent is called a unit R[F ]-crystal.
If f : SpecS → SpecR is a morphism of smooth schemes over k then the pull
back of a unit R[F ]-module is simply the pull back of the underlying R-module
and the structural map is induced by the isomorphism f∗F ∗ ∼= F ∗f∗. For an
open immersion f the pushforward f+ coincides with the ordinary pushforward
of modules3 and the structural map is given by the adjoint of f∗M → f∗F∗M ∼=
F∗f∗M .
Emerton and Kisin establish in [10] an analogue of the Riemann-Hilbert corre-
spondence in characteristic p > 0. Namely they show that for a smooth k-scheme
X the bounded derived category of unit R[F ]-modules is equivalent to the bounded
derived category of constructible Fp-sheaves on Xe´t. Moreover, the heart of the
trivial t-structure (that is the abelian category of unit R[F ]-modules) corresponds
to perverse constructible sheaves in the sense of Gabber ([11]).
We refer the reader to [10] and [9] for more details on unit R[F ]-modules.
Cartier crystals and unit R[F ]-modules. We assume that R is smooth over a
perfect field k. Given a Cartier module (M,κ) the adjoint of its structural map is
the map C : M → F !M,m 7→ [r 7→ κ(rm)]. These maps induced a direct system
and an isomorphism C : colime F e!M → F ! colime F e!M . Denoting colime F e!M
byM and tensoring with ω−1R we obtain an isomorphismM⊗ω−1R → F ∗(M⊗ω−1R )
(cf. [2, Corollary 5.8]). Hence, we obtain a functor from Cartier modules to unit
R[F ]-modules and if we restrict this functor to minimal Cartier modules then it
2The operations and commute. We will generalize this in Lemma 2.3
3Pushforwards are defined for arbitrary morphisms f between smooth schemes but the defini-
tion is more involved if f is not étale(see [10, Lemma 4.3.1 and Section 3]).
6 AXEL STÄBLER
induces an equivalence. In particular, we obtain an equivalence of Cartier crystals
with unit R[F ]-modules ([2, Theorem 5.15]).
2. Unit Test modules
The goal of this section is to show that for a map of R-Cartier modules ϕ : M →
N which is a nil-isomorphism one has ϕ(τ(M,f t)) = τ(N, f t) for any f ∈ R and
t ∈ Q≥0. Among other things, this will enable us to show that we can define a test
module filtration for unit R[F ]-modules (cf. Definition 3.11).
2.1. Lemma. Let R be an F -finite ring, f ∈ R. Let (N,κ), (M,κ) be coherent
Cartier submodules of some Cartier module (A, κ). Assume that N = M then also
NC = MC, where C is a Cartier subalgebra of the Cartier algebra generated by κ.
Proof. By [1, Proposition 3.2 (c)] we have MC , NC ⊆ M = N . By definition
NC = (C+)eN for e 0. Fix e 0 then we get
MC = (C+)eMC ⊆ (C+)eM = (C+)eN ⊆ (C+)eN = NC .

The following is implicit in [2] but due to lack of a precise reference we include
a proof.
2.2. Lemma. Let R be F -finite and (M,κ) a quasi-coherent Cartier module. Then
C : M → F !M is a nil-isomorphism.
Proof. Note that the Cartier structure on F !M is given by κ : F∗F !M → F !M,ϕ 7→
C(ϕ(1)). This is the adjoint of the natural map F !C : F !M → F !F !M (cf. [2,
Theorem 2.17, Proposition 2.18]). We have to show that kerC and cokerC are
both nilpotent. The nilpotence of kerC is immediate from [20, proof of Lemma
6.9]. For the nilpotence of cokerC observe that given ϕ ∈ F !M we have κ(ϕ) =
C(ϕ(1)) ∈ C(M) hence κ(F !M) ⊆ C(M). 
2.3. Lemma. Let R be F -finite and (M,κ) be a coherent Cartier module. Let C be
a subalgebra of 〈κ〉. Then (MC)C = (MC)
C.
Proof. We omit C from the notation. We have inclusions Mnil ⊆Mnil and M ⊆M
and an equality Mnil = Mnil ∩M . We thus obtain an injective map of Cartier
modules (M) → M which is a C-nil-isomorphism. Note that (M) is F -pure so
that the injection factors via (M) → (M). But since the codomain is F -pure this
C-nil-isomorphism is an isomorphism. 
2.4. Lemma. If M is F -pure with respect to C then SuppMC = SuppM .
Proof. Since MC is a quotient of M we only have to show the inclusion from right
to left. Let x ∈ SuppM . Since F -purity localizes we have C+Mx = Mx. But then
Mx is not nilpotent. 
The following result should be of independent interest.
2.5. Proposition. Let R be F -finite and let (M,κ) be a coherent Cartier module
and let C be a Cartier subalgebra of 〈κ〉. Then f is a test element for (M, C) if and
only if f is a test element for (M, C).
Proof. By Lemma 2.3 we may assume that M is F -pure with respect to C. By
Lemma 2.4 the condition on the support for a given element f is vacuous. So we
only have to show that MCf is F -regular if and only if Mf is F -regular. Recall from
[1, Lemma 2.18] that the operation and F -purity commute with localization. So
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we have a short exact sequence 0 → Mnil → M → M → 0 with both M and M
F -pure and SuppM = SuppM and we have to show that M is F -regular if and
only if M is F -regular.
Let N ⊆M be a Cartier module that agrees withM at generic points of SuppM .
Then for such a generic point η we have Nη = Mη and by [20, Lemma 6.10] we get
Nnilη = Mnilη. It follows that Mη = Nη and thus M = N by F -regularity. Since
M →M and N → N are C-nil-isomorphisms we obtain that the inclusion N →M
is one as well. But M is F -pure so that this is an isomorphism as desired.
For the other direction let N ⊆ M be a Cartier module that agrees with M
at generic points of SuppM . Let N ′ be the preimage of N under the surjection
pi : M → M . This is a Cartier module since pi is a morphism of Cartier modules.
Fix a generic point η of SuppM then Nη = Mη and hence N ′η = Mη. By virtue of
M being F -regular we conclude that N ′ = M . It follows that N = M . 
2.6. Lemma. Let R be F -finite and let (M,κ) be a coherent Cartier module and
let C be a Cartier subalgebra of 〈κ〉. Then we have an inclusion Mnil,κ ⊆Mnil,C and
M
κC = MC.
Proof. The inclusion is immediate since any element of (C+)e may be written as
κnr for some r ∈ R and n ∈ N. The second claim follows from the first since the
kernel of the surjection M →Mκ
C
is just Mnil,κ +Mnil,C . 
Note that the corresponding result for (i.e. AκC = AC follows from Lemma
2.1 by setting N = Aκ and M = A.
2.7. Lemma. Let R be F -finite, (M,κ) a coherent Cartier module and let C be a
Cartier subalgebra of 〈κ〉. Then f is a test element for M with respect to C if and
only if f is a test element for Mκ with respect to C.
Proof. By Proposition 2.5 f is a test element for Mκ
C
if and only if it is one for
M
κ. On the other hand since by Lemma 2.6 we have Mκ
C
= MC this is, again by
Proposition 2.5, the case if and only if f is a test element for M . 
Note that since F ! is left exact one has F !M = F !M if M = M . The following
Theorem generalizes [20, Lemma 4.3] and is valid for any F -finite R provided that
test modules do exist. It will allow us to define test module filtrations for unit
F -modules (cf. Definition 3.11 below).
2.8. Theorem. Let R be essentially of finite type over an F -finite field. Given a
nil-isomorphism of coherent Cartier modules ϕ : M → N one has ϕ(τ(M,f t)) =
τ(N, f t). Moreover, the test module filtration τ(M,f t) induces a decreasing filtra-
tion τ(M, f t) for M = colimF e!M and we obtain Φ(τ(M, f t)) = τ(N , f t), where
Φ : colimF e!M → colimF e!N = N is the isomorphism induced by ϕ.
Proof. Fix t ∈ Q≥0 and denote the algebra generated in degree e by κfdtpee by
C. The operations and will always be taken with respect to C and we will
omit this from the notation. We claim that ϕ(M) = N . Indeed, since the inclusion
N ⊆ N is a nil-isomorphism (and similarly for M ⊆M) the restriction ϕ : M → N
is also a nil-isomorphism. But N does not admit non-trivial nilpotent quotients by
[1, Corollary 2.14].
Next, we want to argue that M and N admit a common test element. Observe
that ϕ(Mnil) ⊆ Nnil so that ϕ induces a nil-isomorphism M → N which is in fact
an isomorphism (we already know that it is surjective and injectivity follows from
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[1, Lemma 2.12]4). Let now c be a test element for M . By Proposition 2.5 c is then
a test element for M ∼= N and applying 2.5 once more we obtain that c is also a
test element for N .
From this we deduce that
ϕ(τ(M,f t)) =
∑
e≥1
ϕ(κefdtp
eecM) =
∑
e≥1
κefdtp
eecN = τ(N, f t).
For the second statement observe that C : M → F !M is a nil-isomorphism (Lemma
2.2) and define τ(M, f t) as the image of τ(M,f t) under the natural map M →
M. 
2.9. Remark. If we assume that M = M , i.e. that the maps M → F e!M are
injective (cf. [20, Lemma 6.9]), then the various τ(M,f t) are all contained in the
image of M → colimF e!M . In particular, this filtration is exhaustive if and only if
C : M → F !M is an isomorphism. This is precisely the case when M corresponds
to a locally constant sheaf under the Riemann-Hilbert correspondence.
Also note that, by the same token, if M is F -regular, then F !M is F -regular if
and only if C : M → F !M is surjective.
For later use we record the following results:
2.10. Lemma. Let (M,κ) be an F -pure coherent Cartier module and f ∈ R an
M -regular element such that Mf is F -regular. Then τ(M,f t) = τ(τ(M,f0), f t) for
all t ≥ 0.
Proof. If t = 0 then the assertion is trivial. We now assume t > 0. We have
τ(M,f0) ⊆ M so that the inclusion from right to left is clearly satisfied. For the
other direction denote the algebra generated in degree e by κefdtpee by C. Note that
by [5, Lemma 4.1] we have κafM ⊆ κa+1fM . We conclude that τ(M,f0) = κafM
for all a 0. Fix one such a.
By the first part of the proof of [5, Lemma 4.3] (which only requires F -purity
and no assumptions on t) we have C+M = κefdtpeeM for all e 0. In particular,
for e sufficiently large and e ≥ a we have
C+M = κefdtpeeM = κe−aκafdtpeeM ⊆ κafM
since t > 0 and since κκafM = κafM by F -purity of κafM . We conclude that
Ch+M ⊆ Ch−1+ κafM . But for h 0 we have by definition Ch+M = MC and likewise
Ch−1+ κafM = κafMC . 
2.11. Proposition. Assume that R is essentially of finite type over an F -finite
field. Let (M,κ) be an F -pure coherent Cartier module and f ∈ R an M -regular
element such that Mf is F -regular. Assume furthermore that f = gn for some
g ∈ R. Then τ(M,f an ) = τ(M, ga).
Proof. By Lemma 2.10 we may replace M by τ(M,f0) and therefore assume that
M is F -regular. Write t = an . By right-continuity of the test module filtration there
is t′ ∈ Z[ 1p ] such that τ(M,f t) = τ(M,f t
′) and τ(M, gtn) = τ(M, gt′n). Then by
[5, Lemma 4.4] we have τ(M,f t′) = κe(f t′peM) = κe(gnt′peM) = τ(M, gnt′) for all
e 0. Hence, we get
τ(M,f t) = τ(M,f t
′
) = τ(M, gnt
′
) = τ(M, gtn) = τ(M, ga)
as desired. 
4Again, note that there is a typing error in the reference “quotients“ should read “submodules“.
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3. Extending the test module filtration
Consider the following situation: R is an F -finite ring and f a non-zero divisor,
denote by j the open immersion D(f) → SpecR and let M be an Rf -Cartier
module. Then j∗M is a quasi-coherent Cartier module. In this section we will
show how to attach a test module filtration to j∗M along f t.
3.1. Lemma. Let M be a Cartier module on Rf and write j for the open immer-
sion SpecRf → SpecR. Then j∗M is locally nil-isomorphic to a coherent Cartier
module N ⊆ i∗M . Moreover, N admits no nilpotent submodules if M admits none.
Proof. We may factor j as the composition of SpecRf
i−→ A1R
g−→ SpecR, where i is
induced by R[T ] 7→ R[T ]/(Tf −1). By [3, proof of Theorem 3.2.14] applied to i∗M
there is a Cartier module N ⊆ j∗M which is coherent and locally nil-isomorphic to
j∗M .
For the addendum note that N has no nilpotent submodules if and only if the
adjoint of the structural map N → F !N is injective (cf. [20, Lemma 6.9]). The
adjoint structural map for N is induced by j∗M → F !j∗M which in turn is given
by m 7→ [r 7→ κ(ϕ(r)m)] where ϕ : R → Rf . By assumption M → F !M is
injective, so given m there is s = rfn such that κ(sm) is non-zero. But then also
feκ(sm) = κ(sfpem) is non-zero for any e ≥ 0. Choosing e sufficiently large one has
sfpe ∈ R. This shows that j∗M → F !j∗M is injective which implies the injectivity
of N → F !N . 
3.2. Example. Note that we cannot expect that N is F -pure if M is F -pure.
Indeed, consider M = k[x, x−1] then Nn = k[x]x−n is locally nil-isomorphic to
j∗M (cf. [20, Remark 5.10] for computations), where n ≥ 1 but it is F -pure only
if n = 1. However, j!Nn coincides with j!j∗M = M . In particular, since M is
F -regular these modules have a common test element x. As Proposition 3.5 shows
this holds in general.
3.3. Proposition. Let R be an F -finite ring. Let M be an F -pure Cartier module
on Rf and write j for the open immersion SpecRf → SpecR. Let N ⊆ j∗M be a
coherent Cartier module for which the inclusion is a local nil-isomorphism. Then
j!N = j!j∗M = M .
Proof. First of all, note that j! = j∗ since j is étale. Since j! preserves (local)
nil-isomorphisms ([3, Lemma 2.2.3]), local nilpotence and nilpotence coincide for
coherent Cartier modules and j! is exact we obtain an inclusion j!N ⊆M which is
a nil-isomorphism. Hence, the quotient M/j!N is nilpotent. But M is F -pure so
does not admit any non-trivial nilpotent quotients ([1, Corollary 2.14]). This shows
that the inclusion is surjective. 
3.4. Lemma. Let R be an F -finite ring. LetM be a Cartier module on Rf and write
j for the open immersion SpecRf → SpecR. Let N,N ′ ⊆ j∗M be coherent Cartier
modules for which the inclusion is a local nil-isomorphism. Then N ′ = N . In
fact, N =
⋂
AA, where the intersection runs over all coherent Cartier submodules
A ⊆ j∗M for which the inclusion is a nil-isomorphism.
Proof. By [2, Corollary 2.15] the natural inclusion N ⊆ N is a nil-isomorphism.
We conclude that N ⊆ j∗M is a local nil-isomorphism. This shows the inclusion
from right to left.
Let now A be any submodule of j∗M for which the inclusion is a local nil-
isomorphism. By definition of A ⊆ j∗M being a local nil-isomorphism there is an
ascending sequence of coherent Cartier submodules Mn such that
⋃
nMn = j∗M
and κnMn ⊆ A. By coherence there is n such that N ⊆ Mn and then κnN ⊆ A.
But since N is F -pure we have A ⊇ κnN = N as desired. 
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3.5. Proposition. In the situation of Proposition 3.4 one has τ(N, f t) = τ(N ′, f t)
as submodules of j∗M for all t ∈ Q≥0. If additionally (M,κ) is F -regular then f
is a test element for N,N ′.
Proof. We denote the Cartier algebra generated in degree e by κefdtpee by C.
Combining Lemmata 3.4 and 2.1 we obtain that NC = N ′C . In particular, we
get τ(N, f t) = τ(N ′, f t) due to [1, Proposition 3.2 (a)].
Assume now that (M,κ) is F -regular. We claim that f is a test element in the
sense of [1, Theorem 3.11] for N and N ′. By [20, Lemma 4.1] and the above one has
SuppN = SuppNC . Moreover, Cf coincides with the Rf -Cartier algebra generated
by κ. Hence, it suffices to show that D(f) ∩ SuppN ⊆ SuppN is dense. Since
multiplication by f is injective on M it is also injective on N . We conclude that
f is not contained in any minimal prime of SuppN . Hence, D(f) has non-empty
intersection with each irreducible component as desired. 
3.6. Definition. Let R be F -finite and let M be a Cartier module on Rf , where
j : SpecRf → R is the open immersion and let N ⊆ j∗M be a coherent Cartier
module locally nil-isomorphic to j∗M . Then we define the test module τ(j∗M,f t)
of M for f t with t ∈ Q≥0 as τ(N, f t). Moreover, for t < 0 we define τ(j∗M,f t) as
fbtcτ(j∗M,f{t}).
Note that in this way Skoda’s theorem is preserved in the sense that fnτ(j∗M,f t) =
τ(j∗M,f t+n).
3.7. Proposition. Let R be essentially of finite type over an F -finite field. Let M
be an F -regular Cartier module on Rf , where j : SpecRf → SpecR is the open
immersion. Then the test module filtration τ(j∗M,f t)t∈Q is exhaustive, discrete
and right-continuous.
Proof. Discreteness and right-continuity for t ≤ 0 are clear by construction. For
t ≥ 0 it follows from [1, Proposition 4.16, Corollary 4.19].
In order to show that it is exhaustive let N ⊆ j∗M be coherent, F -pure and
nil-isomorphic to j∗M . Then by Proposition 3.3 we have j!N = j!j∗M = M . Since
j! = j∗ is flat we obtain that Rf · N = M . By Proposition 3.5 the element f is
a test element for N . Moreover, for t = 0 the algebra C is generated by κ so that
NC = N by F -purity. We thus get τ(j∗M,f0) =
∑
e≥1 κ
efN = κefN for e  0,
where the last equality follows from κefN ⊇ κefpN = κe−1fκN = κe−1fN .
Hence, f−nτ(M,f0) = κef−npe+1N which is an exhaustive filtration since M is
F -pure. 
3.8. Proposition. Let R be an F -finite ring and let (M,κ), (N,κ) be quasi-coherent
Cartier modules. Assume that there exists a morphism ϕ : M → N which is a local
nil-isomorphism. Then ϕ induces an isomorphism colime F e!M → colime F e!N of
Cartier modules.
Proof. Note that F e!ϕ is also a local nil-isomorphism. Indeed, by Lemma 2.2 the
morphisms Ce : N → F e!N and Ce : M → F e!M are nil-isomorphisms. Since
Ce ◦ ϕ = F e!ϕ ◦ Ce the claim follows.
By the above observation it suffices to show that if m ∈ kerϕ then Ce(R ·m) = 0
for some e > 0 and if n ∈ N then there exists c > 0 such that Cc(R · n) ⊆ imF c!ϕ.
But Ce(m) = [r 7→ κe(rm)] and since kerϕ is locally nilpotent there is e > 0 such
that κe(R ·m) = 0. The claim about the image follows similarly. 
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3.9. Remark. We note that Proposition 3.8 also yields an alternative proof of the
first part of 3.5 using Theorem 2.8 if j∗M = j∗M . The diagram
colime F e!N // colime F e!M
N
OO
// M
OO
commutes. Hence, the image of τ(N, f t) coincides with the image of τ(N ′, f t),
where N ′ ⊆ j∗M is a local nil-isomorphism. The maps to the colimits are all
injective by Lemma 3.1 and the assumption on j∗M . We conclude that τ(N, f t) =
τ(N ′, f t) as subsets of j∗M .
Theorem 2.8 and Proposition 3.8 allow us to give a definition of test modules for
unit Cartier-modules (i.e. quasi-coherent Cartier-modules, where M → F !M is an
isomorphism):
3.10.Definition. Let R be essentially of finite type over an F -finite field and f ∈ R.
If M is a coherent Cartier module or M = j∗N for a coherent Cartier module N
on Rf , where j : SpecRf → SpecR is the open immersion, then we define the
test module filtration τ(M, f t)t∈Q≥0 along f of N as the image of τ(M,f t) in
M = colimF e!M .
This then also yields a notion of test module for unit R[F ]-modules. Recall
that for a unit R[F ]-module N the module N ⊗ ω−1R carries a unit Cartier-module
structure (i.e. the structural map C : N ⊗ω−1R → F !(N ⊗ω−1R ) is an isomorphism).
3.11. Definition. Let R be smooth over an F -finite field, f ∈ R and N a unit
R[F ]-module. Then we define the test module filtration τ(N , f t)t∈Q≥0 for N as
τ(N ⊗ ω−1, f t)⊗ ωR using Definition 3.10.
Note that one can also define this filtration using roots (we could even drop
the injectivity assumption) of unit R[F ]-modules. Indeed, let N be a root of N .
Then N ⊗ ω−1R is a Cartier module and the image of τ(N ⊗ ω−1R )⊗ ωR in the limit
colime F e∗N = N coincides with τ(N , f t).
4. F -regularity along f !
In this section we study the behavior of F -regularity (and thus of test modules)
along pull backs by the twisted inverse image of f : SpecS → SpecR, where f
is either finite flat or smooth. In the smooth case F -regularity is preserved. In
contrast, F -regularity is not preserved by finite flat morphisms. In fact, we will see
that it already fails for a Kummer covering ramified along a smooth divisor. We
start with the smooth case.
Recall that if f : X → Y is a smooth morphism of schemes then f !• is given by
ωf ⊗ f∗•, where ωf = ωX/Y is the relative dualizing sheaf (see e.g. [14, Definition
before III.2.1]). The Cartier structure is induced by applying f ! to the adjoint
structural map M → F !M and using the fact that f !F !YM ∼= F !Xf !M .
In the following we sketch how the isomorphism f !F !Y → F !Xf ! is obtained
and make the computation explicit in the case A1R → SpecR. First, one factors
FX = F ′Frel and obtains the following commutative diagram where the square is
cartesian.
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X
Frel
  
FX
##
f

X ′ F
′
//
f ′

X
f

Y
FY // Y
By [14, Corollary III.6.4] one gets an explicit isomorphism f ′!F !Y → F ′!f !. Next,
one unwinds [14, Proposition III.8.4] to get an isomorphism f ! → F !relf ′!. Finally,
one uses the fact that F !X = (F ′Frel)! ∼= F !relF ′! which is just a tensor-hom adjunc-
tion since both morphisms are finite.
In what follows, we will write F !(−) for Hom(F∗R,−) even if F : SpecR →
SpecR is not flat.
4.1. Lemma. Let f : A1SpecR → SpecR be the structural map and M a κ-module
on R. Then the Cartier structure for f !M = ωf ⊗ f∗M is given by
F∗(ωf ⊗M) −→ ωf ⊗M, rxndx⊗m 7−→ x
n+1
p −1dx⊗ κ(rm),
where κ : F∗M → M is the Cartier structure on M and x
n+1
p −1 is understood to
be zero whenever n+1p is not an integer.
In order to keep the proof of this lemma readable we will discuss the relevant
isomorphisms separately.
4.2. Lemma. If f : SpecS → SpecR and f ′ : SpecT → SpecR are smooth,
Frel : SpecS → SpecT is finite flat and f = f ′ ◦ Frel then one has for any R-
module N a natural isomorphism f !N → F !relf ′!N given by
ω ⊗ s⊗ n 7−→ [s′ 7→ κrel(s′sω)⊗ 1⊗ n],
where κrel is the adjoint of the isomorphism Crel : ωf → F !relωf ′ .
Proof. We have an isomorphism f∗N → F ∗relf ′∗N, s⊗ n 7→ s⊗ 1⊗ n. This isomor-
phism and Crel induce isomorphisms
ωf ⊗S f∗N → F !relωf ′ ⊗S F ∗relf ′∗N → HomT (S, ωf ′ ⊗T f ′∗N) = F !relf ′!N,
ω ⊗ s⊗ n 7−→ Crel(sω)⊗ 1⊗ 1⊗ n 7−→ [s′ 7→ κrel(s′sω)⊗ 1⊗ n].
Here the last isomorphism is due to the fact that Frel is flat so that S is a locally
free T -module. 
Note that one has an isomorphism F ′∗ωf ∼= ωf ′ by base change of Kähler dif-
ferentials. We may identify F ′∗ωf and ωf ′ via this isomorphism (cf. [8, Theorem
3.6.1]).
4.3. Lemma. If f : SpecS → SpecR is smooth and F : SpecT → SpecR is finite
then for any R-module N one has a natural isomorphism
F ′∗ωf ⊗S⊗RT f ′∗HomR(T,N) = f ′!F !N −→ F ′!f !N = HomS(S ⊗R T, ωf ⊗S f∗N)
a⊗ ω ⊗ a′ ⊗ ϕ 7−→ aa′ · [s⊗ t 7→ ω ⊗ s⊗ ϕ(t)],
where f ′ and F ′ are the base changes of f and F and where we identify ωf ′ = F ′∗ωf .
Proof. Let us denote the ring S ⊗R T by A. Then the left hand side is given by
(ωf ⊗S A) ⊗A (A ⊗T HomR(T,N)) which is isomorphic to (ωf ⊗S A) ⊗A (S ⊗R
HomR(T,N)) = (ωf ⊗S A)⊗AHomS(A, f∗N) by flat base change. Finally, one has
an isomorphism
ωf ⊗S HomS(A, f∗N)→ HomS(A,ωf ⊗S f∗N), ω ⊗ ψ 7→ [s 7→ ω ⊗ ψ(s)]
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since ωf is invertible. 
proof of 4.1. Note that the relative Frobenius R[x]→ R[x], x 7→ xp is flat and recall
that the relative Cartier operator κrel is given by sending rxmdx to r⊗ x
m+1
p −1dx
(see e.g. [16, Theorem 7.2]).
The adjoint of the relative Cartier operator κrel : Frel∗ωf → F ′∗ωf is the iso-
morphism
ωf → F !relF ′∗ωf = HomR[x]′(Frel∗R[x], F ′∗ωf ), ω 7→ [rxn 7→ κrel(rxnω)].
Once again we identify F ′∗ωf and ωf ′ via the base change isomorphism.
With this identification Lemma 4.2 yields an isomorphism
Σ : f !F !M −→ F !relf ′!F !M, ω ⊗ r ⊗ ϕ 7−→ [r′ 7→ κrel(r′rω)⊗ 1⊗ ϕ].
Next, by Lemma 4.3, we have an isomorphism f ′!F !M → F ′!f !M . Applying F !rel
to this isomorphism and composing with Σ we obtain the isomorphism
Ξ : ωf ⊗S f∗HomR(F∗R,M) = f !F !M −→ F !relF ′!f !M
xndx⊗ 1⊗ ϕ 7−→ [[rxm 7→ [s⊗ t 7→ xm+n+1p −1dx⊗ s⊗ ϕ(rt)]].
By tensor-hom adjunction we obtain a natural isomorphism F !relF ′!f !M →
F !f !M,ψ 7→ [a ⊗ b 7→ ψ(a)(b)]. Composing this isomorphism with the isomor-
phism Ξ above we obtain
Λ : f !F !M −→ F !f !M,xndx⊗ 1⊗ ϕ 7−→ [rxm 7→ xn+m+1p −1dx⊗ 1⊗ ϕ(r)].
Finally, we consider the adjoint Cartier structure C : M → F !M and apply f !.
This yields idωf ⊗ idR[x]⊗C : f !M → f !F !M . Composing with Λ we get a map
f !M → F !f !M and taking its adjoint yields
F∗f !M −→ f !M,xndx⊗ 1⊗m 7−→ x
n+1
p −1dx⊗ 1⊗ κ(m).
Making the usual identification ofM⊗RS⊗Sωf ∼= M⊗Rωf we obtain the claim. 
4.4. Lemma. Let f : SpecS → SpecR be a smooth morphism such that f = g ◦ ϕ,
where g : AnR → SpecR is the structural morphism and ϕ is étale. Let (M,κ) be
a Cartier module on R. Then the natural isomorphism f !M → ϕ!g!M is Cartier
linear.
Proof. We restrict to the case n = 1 to keep notations simple. Since ϕ is étale we
have an isomorphism F ′∗S → Frel∗S, r⊗s 7→ rsp, that is, any s ∈ S may be written
as a sum
∑
i rit
p
i for suitable ri ∈ R[x], ti ∈ S. The inverse of this isomorphism is
of course the relative Cartier operator κrel : Frel∗S → F ′∗S. Since ωf = Sdx the
relative Cartier operator for f is given by
κrel : Frel∗ωf → F ′∗ωf , rxaspdx 7→ rs⊗ x
a+1
p −1dx.
Using this formula for the relative Cartier operator it follows, just as in the proof
of Lemma 4.1, that the Cartier structure for f !M is given by
F∗(M ⊗R ωf ) −→M ⊗R ωf , m⊗ rspxadx 7−→ κ(rm)⊗ sx
a+1
p −1.
Using Lemma 4.1 and the fact that for a Cartier module (N,κ) the Cartier
structure on ϕ!N is given by the natural composition (cf. [3, Lemma 2.2.1, Definition
2.2.2])
F∗(N ⊗ S)
∼=−→ F∗N ⊗ S κ⊗id−−−→ N ⊗ S
one verifies that the Cartier structure on ϕ!g!M is given by
F∗(M ⊗ ωg)⊗ S −→ (M ⊗ ωg)⊗ S,m⊗ rxadx⊗ sp 7→ rx
a+1
p −1dx⊗m⊗ s.
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The isomorphism ϕ!g!M → f !M is given by the usual identification of ϕ∗g∗M
with f∗M and by ωϕ ⊗S S ⊗R[x] ωg → ωf , s⊗ 1⊗ rdx 7→ rsdx (cf. [14, Proposition
III.2.2] (also note that no sign error occurs in our situation – [8, Section 2.2])). One
now readily observes that the claim follows. 
For the following lemma recall that if i : SpecB → SpecA is a finite map and
(M,κ) a Cartier module over A then i!M = HomA(B,M) has an induced Cartier
structure given by F∗i!M → i!M,ϕ 7→ κ ◦ ϕ ◦ F .
4.5. Lemma. Let f : SpecS → SpecR be a smooth morphism and i : SpecR/I →
SpecR a closed immersion. Then we have a natural isomorphism of functors
i′∗f
′! → f !i∗ that is compatible with Cartier structures, where i′ is the base change of
i and similarly for f ′. In particular, it induces an isomorphism of Cartier crystals.
Proof. We writeA for S/IS. We have a natural isomorphism ofR-modules id→ i!i∗
given by
M → HomR(R/I, i∗M),m 7→ [1 7→ m].
Next, we apply f ′! to this isomorphism and use the fact that f ′!i! = (if ′)! =
(fi′)! = i′!f ! to get an isomorphism f ′! → i′!f !i∗. Explicitly, this isomorphism is
given by the following composition
f ′!M = ωf ′ ⊗A A⊗R/I M → ωf ′ ⊗A S ⊗R R/I ⊗R/I HomR(R/I, i∗M)→
ωf ′ ⊗A HomS(A, f∗i∗M) = ωf ′ ⊗A i′!f∗i∗M → i′!(f∗i∗M ⊗ ωf ) = i′!f !i∗M,
where the first isomorphism is induced by the natural map above, the second iso-
morphism is flat base change and the final isomorphism is due to the fact that
i′∗ωf ∼= ωf ′ via the usual base change morphism of (top-dimensional) Kähler dif-
ferentials and the natural isomorphism i′∗ωf ⊗ i′!f∗i∗M → i′!f !i∗M .
Now we use adjunction of i′∗ and i′! (cf. [2, Theorem 2.17]) to get a morphism
i′∗f
′!M = i′∗(ωf ⊗S (S ⊗R R/I)⊗R/I M) −→ f !i∗M = ωf ⊗S S ⊗R i∗M
ω ⊗ s⊗ r ⊗m 7−→ ω ⊗ s⊗ rm
which clearly is an isomorphism.
Next we verify that this is compatible with Cartier structures. By [3, Proposition
3.3.23] the adjunction between i′∗ and i′! is compatible with Cartier structures.
Likewise the counit i!i∗ → id is a morphism of Cartier modules. We therefore only
have to check that the isomorphism f ′!i! → i′!f ! of Lemma 4.3 is compatible with
Cartier structures. An application of Lemma 4.4 (and working locally) shows that it
is sufficient to consider the case where f is étale and the case where f : AnR → SpecR
is the structural map separately (again we restrict to n = 1 to simplify notation).
In other words, we have to verify that given a Cartier module (M,κ) the square
F∗f ′!i!M
κ //

f ′!i!M

F∗i′!f !M
κ // i′!f !M
commutes.
We begin with the case that f : SpecR[x] → SpecR is the structural map.
Using the usual identification of ωf ′ ∼= ωf ⊗R[x] R/I[x] we can write a generator
of F∗f ′!i!M as xndx ⊗ 1 ⊗ s¯xj ⊗ ϕ ∈ ωf ⊗ R/I[x] ⊗ R/I[x] ⊗ HomR(R/I,M).
By the natural isomorphism constructed above this element is mapped to [r¯xm 7→
xndx ⊗ xm+j ⊗ ϕ(rs)]. Applying κ we obtain [r¯xm 7→ κ(xndx ⊗ xpm+j ⊗ ϕ(rps)]
and by Lemma 4.1 this evaluates to [r¯xm 7→ xmxn+1+jp −1dx⊗ κ(ϕ(rps))].
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Going the other way around in the diagram we obtain that xndx⊗1⊗ s¯xj ⊗ϕ is
mapped via κ to x
n+j+1
p −1dx⊗ 1⊗ 1⊗ (κϕµs¯F ), where µs¯ denotes the map which
is multiplication by s¯. Now we apply the isomorphism of Lemma 4.3 to obtain
[r¯xm 7→ xmxn+j+1p −1dx⊗ κ(ϕ(srp))] as claimed.
Next, assume that f : SpecS → SpecR is étale. A generator element of
F∗f !i!M = F∗HomR(R/I,M) ⊗R/I (R/I ⊗R S) is of the form α ⊗ r ⊗ sp. The
left vertical arrow maps this to [s′ 7→ α(r)⊗ s′sp] ∈ F∗HomS(S/IS,M ⊗R S). This
in turn is mapped to [s′ 7→ κ(α(r))⊗ ss′] ∈ HomS(S/IS,M ⊗R S) via the Cartier
structure. One easily verifies that going the other way in the diagram yields the
same result. 
4.6. Lemma. Let f : A1SpecR → SpecR and M an F -regular Cartier module on
SpecR where R is F -finite. Then f !M is F -regular.
Proof. We identify f !M with ωf⊗RM = R[x]dx⊗RM . If we denote the underlying
Cartier algebra of M by C then the Cartier structure on f !M is given by rxndx⊗
m 7→ xn+1pe −1dx ⊗ κ(rm), where xn+1pe −1 is understood to be zero whenever n+1pe is
not an integer and κ ∈ Ce. By abuse of notation we denote this map by κef ⊗κ. We
denote the Cartier algebra acting on f !M by C′.
It readily follows that f !M is F -pure since κf is surjective and C+M = M by
assumption. By Lemma 4.5 we may assume that SuppM = SpecR, where R
is reduced by F -purity. By flatness we have R◦ ⊆ R[x]◦. In order to check F -
regularity for f !M it is thus sufficient to show that (f !M)c is F -regular for some
c ∈ R◦. Indeed, by [1, Theorem 3.11] one then has
τ(f !M) =
∑
e≥1
C′ecf !M = f !M
since M is F -regular and c ∈ R.
Since R is excellent we may choose c such that Rc is regular (and replace R
by Rc). By localizing further we reduce to the case that R is an integral domain.
Let a =
∑n
i=0 aix
i be in R[x]◦ with an 6= 0 and hence an ∈ R◦. Again we use [1,
Theorem 3.11] and thus need to show that
∑
e≥1 C′eaf !M = f !M .
Choose generators m1, . . . ,ml of M . Then for each 1 ≤ u ≤ l there are,
by F -regularity of M , elements Cjiu ∈ Cjiu and elements mjiu ∈ M such that∑tu
i=1 Cjiu(anmjiu) = mu. Furthermore, we may assume that all jiu ≥ n for all
i, u since by F -purity C+M = M . Now choose natural numbers sjiu such that
κjiuf (xn+sjiu ) = 1 for i = 1, . . . , t (and thus κ
jiu
f (xk) = 0 for k < n+ sjiu). Then
tu∑
i=1
κjiuf ⊗ Cjiu(a · xsjiu ⊗mjiu) =
tu∑
i=1
κjiuf (x
n+sjiu )⊗ Cjiu(anmjiu) = 1⊗mu.

4.7. Theorem. Let f : X → Y be a smooth morphism of schemes essentially
of finite type over an F -finite field and a ⊆ OX an ideal sheaf, t ∈ Q and M a
non-degenerate F -regular κat-module. Then f !M is F -regular.
Proof. The problem is local onX so that we may replaceX by an open affine SpecS
such that f factors as SpecS ϕ−→ AnR → SpecR, where ϕ is étale and SpecR ⊆ Y
is open affine. By [20, Theorem 6.15] ϕ! preserves F -regularity of M . So the claim
follows from Lemmata 4.4 and 4.6. 
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4.8. Corollary. Let f : SpecS → SpecR be a smooth morphism of rings essentially
of finite type over an F -finite field and let a ⊆ R be an ideal. Then for a non-
degenerate Cartier module (M,κ) one has f !(τ(M, at)) = τ(f !M, (aS)t) for all
t ∈ Q≥0.
Proof. First of all, note that by [1, Theorem 4.13] both τ(f !M, at) and τ(M, at)
exist. By exactness of f !M we have an inclusion f !τ(M, at) ⊆ f !M . We may
replace M by M and make a base change such that SuppM = SpecR.
We claim that all generic points of SpecS are mapped to generic points of SpecR.
By a base change we may assume that SpecR is irreducible. By [12, Proposition
2.3.4 (iii)] all irreducible components of SpecS dominate SpecR from which one
easily deduces the claim. We conclude that f !M and f !τ(M, at) agree at generic
points of Supp f !M = f−1(SuppM). Since τ(f !M, at) is minimal with this property
we obtain an inclusion τ(f !M, at) ⊆ f !τ(M, at). By the previous observation and
F -regularity of the latter this is an equality. 
4.9. Corollary. Let f : SpecS → SpecR be a smooth morphism of rings essen-
tially of finite type over an F -finite field and let a ⊆ R be an ideal. Then for a
non-degenerate Cartier module (M,κ) one has f !Grtτ (M) ∼= Grτ (f !M) as Cartier
modules or crystals.
Proof. As f ! is exact this follows from Corollary 4.8 
We now present a class of examples that shows that f !, for f finite flat, does
not preserve F -regularity, not even on the level of Cartier crystals. The argument
roughly is as follows. For (say) R = k[x] the Cartier module (ωR, κxs) is F -regular
if and only if s < p−1. If f : Spec k[t]→ Spec k[x], where tp−1 = x then f !ωR with
the Cartier structure induced by κ is isomorphic to ωk[t] with its canonical Cartier
structure. Hence, if the Cartier structure is given by κxs = κts(p−1) then f !ωR is
not F -regular.
As usual this is a local issue so that we may immediately restrict to the situation
where f : SpecS → SpecR is a morphism of affine schemes. We start with some
preparatory results.
4.10. Proposition. Let f : SpecS → SpecR be a finite morphism and let j :
SpecRx → SpecR be the open immersion induced by localization. Then for any
Rx-module M one has an isomorphism f !j∗M → j′∗f ′!M , where j′ and f ′ are the
base changes of j and f . If M is a Cartier module then then the natural map is an
isomorphism of Cartier modules.
Proof. One has an isomorphism j′!f !j∗M → f ′!j!j∗M . Since j, j′ are étale j′! = j′∗
and j! = j∗, so by adjunction of j′∗ and j′∗ we get an induced morphism f !j∗M →
j′∗f
′!j∗j∗M . After the identification j∗j∗M = M this will be our desired isomor-
phism.
First of all, the isomorphism
j′∗f !j∗M = HomR(S, j∗M)⊗ Sx −→ f ′!j∗j∗M = HomRx(Sx, j∗j∗M)
is given by (note that Sx = S ⊗R Rx) ϕ ⊗ sxn 7→ ϕµs ⊗ µ 1xn , where µa denotes
multiplication by a. Hence, adjunction yields the map
HomR(S, j∗M) −→ j′∗HomRx(Sx, j∗j∗M), ϕ 7−→ ϕ⊗ idRx .
This is map is injective by flatness of j and it is clearly surjective hence an isomor-
phism.
We now verify that this isomorphism is compatible with Cartier structures. By
[3, Proposition 3.3.15] the adjunction j∗j∗ → id is an isomorphism of Cartier mod-
ules. We are therefore reduced to showing that f !j∗M → j′∗f ′!M,ϕ 7→ [ sxn 7→ ϕ(s)xn ]
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is compatible with the Cartier structures. The Cartier structure on f !j∗M is given
by ϕ 7→ κ ◦ ϕ ◦ FS , where κ : F∗M → M . The one on j′∗f ′!M is given by
ϕ 7→ κ ◦ ϕ ◦ FSf and one readily verifies that the relevant diagram commutes. 
4.11. Proposition. Let R be F -finite, x ∈ R and j : SpecRx → SpecR be the open
immersion induced by localization. If (M,κ) is a Cartier module, then j∗j!M =
j∗(M⊗Rx) is locally nil-isomorphic to M⊗R · 1x . Moreover, if R is smooth over an
F -finite field k and x is a smooth element and M = ωR then ωR ⊗R · 1x is F -pure
but not F -regular and there are no non-zero nilpotent submodules.
Proof. First of all, note that if m ∈M then
κ(m⊗ 1
xn
) = κ(m⊗x
n(p−1)
xnp
) = κ(xn(p−1)m⊗ 1
xnp
) = κ(xn(p−1)m)⊗ 1
xn
∈M⊗R· 1
xn
since (F∗M)⊗Rx → F∗(M⊗Rx),m⊗a 7→ m⊗ap is an isomorphism (cf. [3, Lemma
2.2.1]). We conclude that M ⊗ R · 1xn is a Cartier submodule of j∗j!M . Next, we
write j∗j!M as the union of the Mn = M ⊗R · 1xn for n ∈ N. We have to show that
there is en such that κenMn ⊆M ⊗R · 1x . Choose en such that pen ≥ n. Then for
m ∈M we have
κen(m⊗ 1
xn
) = κen(m⊗ x
pen−n
xpen
) = κen(xp
en−nm)⊗ 1
x
∈M ⊗R · 1
x
.
Assume now that R, x are smooth and M = ωR. We have to show that κ :
F∗(ωR ⊗ R · 1x ) → ωR ⊗ R · 1x is surjective. This is local on R so that we may
restrict to stalks RP , where we have a local system of parameters x1, . . . , xn. If x is
invertible in RP then the map is clearly surjective. If x is not invertible then its part
of a sequence of parameters by smoothness. Indeed, let x1, . . . , xn be a sequence of
parameters, then dx =
∑
i
∂x
∂xi
dxi in Ω1R5. As x is smooth some partial derivative is
a unit (say, after reordering, the first one). Then the transformation matrix sending
dx1 to dx is invertible. In particular, in terms of the basis δ = dx∧ dx2 ∧ · · · ∧ dxn
we obtain
κ(xp−12 · · ·xp−1n δ ⊗
1
x
) = κ(xp−1xp−12 · · ·xp−1n δ ⊗
1
xp
) = (δ ⊗ 1
x
).
The claim that ωR ⊗R · 1x admits no non-zero nilpotent submodules is again local
so that we may assume that ωR is free generated by δ. We will in fact show that
ωR ⊗ R · 1x endowed with Cartier structure κxs for any s ≥ 0 admits no nilpotent
submodules.
If N 6= 0 is any Cartier submodule and rδ ⊗ 1x ∈ N a non-zero element then
(κxs)e((rp
e−1xtxp
e−1
2 · · ·xp
e−1
n ) · rδ ⊗
1
x
) = κe(xs
pe−1
p−1 +txp
e−1
2 · · ·xp
e−1
n r
peδ ⊗ 1
x
)
= rxp
a−e
δ ⊗ 1
x
6= 0
for e ≥ 1, where t = pe−1− spe−1p−1 +pa for some a 0, so that N is not nilpotent.
In order, to see that ωR ⊗ R · 1x is not F -regular it suffices to note that ωR ⊗ R is
a Cartier submodule that generically agrees with ωR ⊗R · 1x . 
We can also prove a slight variant of this result by twisting the Cartier structure
with premultiplication by a power of x
4.12. Lemma. Let j : SpecRf → SpecR be the open immersion induced by lo-
calization. Then j∗ωRf = j∗ωR ⊗ Rf endowed with the Cartier structure κfs is
locally nil-isomorphic to ωR for s ≥ 1. If R is smooth over an F -finite field, x is a
5Here we use that locally R is étale over k[x1, . . . , xn]
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smooth element and 0 ≤ s ≤ p − 1 then (ωR, κxs) is F -pure. Moreover, (ωR, κxs)
is F -regular if and only if s ≤ p− 2.
Proof. Everything except the F -regularity follows just as in Proposition 4.11. For
the F -regularity note that (working locally) we have an étale morphism ϕ : SpecR→
SpecS = Spec k[x1, . . . , xn], where x = x1, and ωR = ϕ!ωS . By [20, Theorem 6.15]
ωR is F -regular if ωS endowed with Cartier structure κxs1 is F -regular.6 Write
δ = dx1 ∧ . . . ∧ dxn.
We have to show that for g ∈ k[x1, . . . , xn] a non-zero polynomial there is e ≥ 1
such that (κxs1)e(Rgδ) = Rδ (cf. [1, Proposition 3.7]). Note that (κxs1)e = κex
s p
e−1
p−1
1 .
Denote the largest non-zero monomial of g with respect to the lexicographic ordering
by xe11 · · ·xenn (which we may assume to be monic). Assume that there is a monomial
m and e ≥ 0 such that (κxs1)e(mxe11 · · ·xenn δ) = δ then it follows that any other
monomial of xs
pe−1
p−1
1 mg has exponent < pe − 1 in some xi and is thus annihilated
by κe.
In particular, since we only need to consider monomials we may assume that
s = p− 2. We assert that there is e ≥ 0 such that
p− 2
p− 1(p
e − 1 + pe1 − e1) ≤ pe − 1.
Equivalently, we have to show that
p− 2
p− 1 ≤
pe − 1
pe − 1 + pe1 − e1 .
But since the right hand side converges to 1 for e → ∞ this holds for all e  0.
Fix one e′ that satisfies this inequality. Then for e such that pe − 1 ≥ ei for all
i = 2, . . . , n and e ≥ e′ we find a monomial m as desired.
Finally, let us assume that s = p− 1. Clearly, x is a test element for ωR so that,
using [5, Lemma 4.1], we obtain τ(ωR, κxp−1) = (κxp−1)exωR = κexp
e
ωR = xωR
for all e 0. 
4.13. Example. Let k be an F -finite field and R smooth over k. Fix a smooth
hypersurface x ∈ R and denote R[t]/(tp−1−x) by S. We write f : SpecS → SpecR
for the morphism induced by the inclusion. Note that f is a Kummer covering which
is étale over D(x). We consider the Cartier module ωR, where the Cartier structure
is given by κxs for some 1 ≤ s ≤ p− 2.
More precisely, the adjoint C of κ is induced from the fixed isomorphism k → F !k
by s!, where s : SpecR → Spec k is the structural map. In particular, the adjoint
of κxs is given by ωR
xs−→ ωR C−→ F !ωR. If we endow ωR with its natural Cartier
structure κ then f ! induces an isomorphism of Cartier modules f !ωR ∼= ωS , where
ωS also carries its natural Cartier structure κS . In particular, if we endow ωR with
the structure κxs then this induces the Cartier structure κSxs = κSts(p−1) on ωS .
From now on we will simply write κ for the natural Cartier structure on a canonical
module.
By virtue of Lemma 4.12 we conclude for p ≥ 3 that f !ωR with Cartier structure
induced by κx is F -pure but not F -regular, while (ωR, κx) is F -regular. By the
same token if s > 1 then (ωS , κxs) is not F -pure.
We can also transfer this example to a context which fits in the framework where
Stadnik constructs a notion of V -filtration (cf. [21, Theorem 3.15, Definition 3.11]).
6Note that since we do not assume that our base field is perfect the Cartier structure is given as
in Lemma 4.1 above. In particular, everything depends on the choice of an isomorphism k → F !k.
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4.14. Example. We use the notations and assumptions from the previous exam-
ple. First we show that taking the twisted inverse image of (ωRx , κxs) along the
restriction of f yields an isomorphism with (ωSx , κ). We have f !ωR = ωS and a
commutative diagram:
F∗ωSx
x
s
p−1

κ // ωSx
x
s
p−1

F∗ωSx
κxs // ωSx
Since x
s
p−1 is a unit the claim follows.
As f |D(x) is étale this shows that (ωRx , κxs) corresponds to a unit R[F ]-crystal
on D(x) (equivalently to a locally constant sheaf on the étale site).
By Lemma 4.12 we have a local nil-isomorphism j∗ωRx → ωR. Hence, if we
denote the open immersion D(x) → SpecR by j then τ(f !j∗ωRx) 6= f !(τ(j∗ωRx)
by the previous example.
4.15. Definition. Given a finite morphism f : SpecS → SpecR and an R-module
M we define the trace as the R-linear map Tr : f∗f !M →M,ϕ 7→ ϕ(1).
4.16. Lemma. Let f : SpecS → SpecR be a finite flat surjective morphism and let
M be a Cartier module via some Cartier algebra C. Then Tr(f∗f !M) = M .
Proof. By abuse of notation we denote the induced Cartier algebra on f !M , which
acts for a homogeneous element κ of degree e as κ · ϕ 7→ κ ◦ ϕ ◦ F e, again by C.
It suffices to show that Tr(f∗C+f !M) = C+M . If κ is homogeneous of degree e
then Tr(κϕ)) = κ(ϕ(F e(1)) = κ(ϕ(1)) = κ(Tr(ϕ)) for ϕ ∈ f !M . Since f is flat and
surjective 1 is locally part of a free basis of f∗S so that Tr is surjective. 
4.17. Lemma. Let f : SpecS → SpecR be a finite flat surjective morphism and
let M be a Cartier module via some Cartier algebra C. Assume that f !M and M
admit a common test element x. Then Tr(f∗τ(f !M)) = τ(M).
Proof. As in the last lemma we will denote the induced Cartier algebra on f !M
again by C. Then Tr(τ(f !M)) = Tr(∑e≥1 Cexf !M). In particular, for a homoge-
neous element κ of degree e and ϕ ∈ f !M we have Tr(κxϕ) = κ(xϕ(F e(1))) =
κxTr(ϕ). Using Lemma 4.16 we obtain Tr(f !M) = M so that Tr(τ(f !M)) =∑
e≥1 CexM = τ(M). 
4.18. Lemma. Let f : SpecS → SpecR be a finite morphism of noetherian rings
with R reduced. If Q = f(P ) is generic for P ∈ SpecS generic then the induced
morphism on stalks ϕ : RQ → SP is finite.
Proof. Since R is reduced RQ is a field and QQ = 0. We get a finite morphism of
fibers f−1(Q) → Q which is of the form RQ → S[(R \ Q)−1] =: SQ. We have a
factorization RQ → SQ → SP , were SQ is an Artinian RQ-algebra. In particular, it
is a finite direct product of local Artinian algebras. One of these factors corresponds
to SP . We conclude that SP is finite over RQ. 
4.19. Proposition. Let f : SpecS → SpecR be a finite flat morphism and let M
be an F -pure coherent Cartier module. Then Supp f !M = Supp f !M .
Proof. By [20, Lemma 6.24] we have Supp f !M = f−1 SuppM . AsM is F -pure the
annihilator AnnM is radical and we may base change and assume that SuppM =
SpecR. Indeed, denote by i the closed immersion SpecR/Ann(M) → SpecR
then applying f ′! to the isomorphism id → i!i∗ and using that f ′!i! ∼= i′!f ! we
get, after adjunction, an induced morphism i′∗f ′! → f !i∗ which one verifies to be
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an isomorphism of S-modules. Then [3, Proposition 3.3.23] yields that this is an
isomorphism of Cartier modules.
Let now η be a generic point of a component of Supp f !M = SpecS. Then f(η)
is a generic point of a component of SpecR by flatness. Consider the following
commutative diagram
SpecSη u //
fη

SpecS
f

SpecRf(η)
v // SpecR
Note that fη is finite flat and surjective (Rf(η) is a field since R is reduced, finiteness
follows from Lemma 4.18). Since both u, v are essentially étale we have u!f !M =
u∗f !M = (f !M)η ∼= f !ηv!M = f !ηMf(η).
Recall that the operation commutes with localization. Since fη is finite faith-
fully flat we obtain via Lemma 4.16 a surjection Tr : fη∗f !ηMf(η) →Mf(η) = Mf(η).
In particular, (f !M)η 6= 0 thus η ∈ Supp f !M . Finally, f !M being coherent the
support is closed and contains all generic points of the components of SpecS so
that Supp f !M = SpecS. 
4.20. Proposition. Let f : SpecS → SpecR be a finite flat and surjective mor-
phism and let M be an F -pure Cartier module. If f !M is F -regular, then M is also
F -regular.
Proof. We use the characterization of F -regularity given by [20, Proposition 5.2].
First, we claim that given c ∈ R such that D(c)∩ SuppM is dense in SuppM then
f−1(D(c)) ∩ Supp f !M is dense in Supp f !M = Supp f !M , where the equality is
due to Proposition 4.19. By [20, Lemma 6.24] we have f−1(SuppM) = Supp f !M
so that the claim is that f−1(SuppM ∩ D(c)) is dense in f−1(SuppM). But by
flatness (make a base change) and the density of SuppM ∩ D(c) in SuppM all
generic points of f−1(SuppM) are contained in f−1(SuppM ∩D(c)).
Let now c ∈ R be a test element for M . Then by the above and our assumptions
c is also a test element for f !M . Using Lemmata 4.16 and 4.17 we have M = M =
Tr(f∗(f !M)) = Tr(f∗f !τ(M)) = τ(M). 
5. A comparison with Stadnik’s V -filtration
The goal of this section is to relate the filtration of Definition 3.10 above with the
(super-specializing) V -filtration for unit F -modules introduced by Stadnik in [21,
Definitions 3.4, 3.6] in the cases where Stadnik proved existence of his filtration.
We will also see that they do not coincide in general. Let us begin by recalling
Stadnik’s definition:
5.1. Definition. LetM be a unit F -module on SpecR with adjoint structural map
α : M → F∗M . A super-specializing V -filtration along I = (f) ⊆ R is an exhaustive
separated discrete left-continuous Q-indexed filtration V ·M of R-modules such that
(i) V 0M is coherent.
(ii) IV iM = V i+1M for all i ∈ Q, i 6= −1.
(iii) α(V i) ⊆ F∗V ip for all i ∈ Q.
(iv) FR/I induces an isomorphism F ∗R/IGriM∼= GripM whenever GriM 6= 0.
(v) Multiplication by f induces an isomorphism µf : GriM → Gri+1M for all
i ∈ Q, i 6= −1.
For a normal noetherian integral domain R and a morphism f : SpecS → SpecR
we say that f is tamely ramified along x ∈ R if f is finite and étale over D(x), S is
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normal, x is smooth and every irreducible component of SpecS dominates SpecR.
Moreover, we require that for every generic point p ∈ V (x) the extension Rp ⊆
Sf−1(p) is tamely ramified (see [13, Definition 2.2.2]). Important for computations is
the fact that étale locally a tamely ramified covering is a disjoint union of Kummer
coverings. More precisely, for every p ∈ SpecR there is an étale neighborhood
U → SpecR such that SpecS ×SpecR U → U is a disjoint union of Kummer
coverings ([13, Corollary 2.3.4]).
5.2. Remark. Let us briefly elaborate on axiom (iv): Note that axiom (ii) implies
that GriM is an R/I-module. Next note that α : V iM → F∗V ipM induces
a morphism GriM → F∗GripM. In particular, we have a morphism GriM →
FR/I∗Gr
ipM whose adjoint F ∗R/IGriM→ GripM is the desired isomorphism.
Also note that axiom (v) is already implied by (ii) provided that f is a non-
zero divisor on M. Indeed, in this case (ii) yields isomorphisms µf : V iM →
V i+1M and similarly an isomorphism V i+εM → V i+1+εM. Thus it induces an
isomorphism on the associated graded.
Stadnik proves that such a filtration is unique (see [21, Proposition 3.8]) and
furthermore shows existence in the following special case: M is of the form j∗N
for some coherent unit F -module N on D(f), f smooth and for every closed point
z ∈ V (f) there is a (Zariski) neighborhood W of z and a tamely ramified covering
Y →W which trivializesM|D(f)∩W (see [21, Theorem 3.15]).
Following Stadnik we turn this last notion into a definition:
5.3. Definition. If R is smooth over a field k, f ∈ R a smooth hypersurface,
j : D(f) → SpecR and N is a unit Rf [F ]-crystal then we call j∗N a tame unit
R[F ]-crystal if for every closed point z ∈ V (f) there is a (Zariski) neighborhood W
of z and a tamely ramified covering Y →W which trivializesM|D(f)∩W .
5.4. Lemma. Let R be smooth over an F -finite field. If x ∈ R is smooth then
(ωR/xωR, κxp−1) is isomorphic to (ωR/(x), κ).
Proof. Up to a shift one has i!ωR ∼= ωR/xωR with Cartier structure κxp−1, where
i : SpecR/x → SpecR is the closed immersion (see [3, Example 3.3.12]). Then if
s : SpecR → Spec k and s′ : SpecR/(x) → Spec k are the structural morphisms
one has i!s! = s′! and both κ on ωR/(x) and on ωR are induced by shrieking the
isomorphism k → F !k. 
5.5. Lemma. Assume that R is regular, essentially of finite type over an F -finite
field, M a Cartier module satisfying M = M and f ∈ R a non-zero divisor. Then
τ(M, f t−ε)/τ(M, f t) = τ(M,f t−ε)/τ(M,f t),
whereM = colime F e!M .
Proof. Since M = M the natural map γ : M →M is injective. Now we have, by
definition, γ(τ(M,f t)) = τ(M, f t) which yields the claim. 
Also recall ([20, Section 4]) that for a Cartier module (M,κ) the quotient Grtτ =
τ(M,f t−ε)/τ(M,f t) naturally carries a Cartier structure induced by κfdt(p−1)e.
By Lemma 3.1 the assumption M = M is satisfied in the situation where (N,κ) is
a Cartier module on Rf such that C : N → F !N is an isomorphism an M ⊆ j∗N
is a local nil-isomorphism.
5.6. Proposition. Let R be smooth of finite type over a perfect field, let x ∈ R be a
smooth hypersurface and let j : D(x) → SpecR be the associated open immersion.
Then for t ∈ Q there is 0 < ε  1 such that the filtration τ(j∗ωRx , xt+1−ε) (as in
Definition 3.10) coincides with V t(j∗Rx)⊗ ωR filtered along x (Defintion 5.1).
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Moreover, under the equivalence of unit R/(x)[F ]-modules with Cartier crystals
Gr0V and Gr1τ correspond to each other.
Proof. Recall that the unit F -module corresponding to j∗ωRx is just j∗Rx endowed
with the (adjoint of the) ordinary Frobenius. In this case it is easy to see that the
filtration V t := {f | ν(f) ≥ t}, where ν : Q(R) → Z is the valuation attached to
R(x), is a super-specializing V -filtration. In other words, one has V t = R · xdte for
all t ∈ Q.
On the other hand, j∗ωRx is locally nil-isomorphic to ωR ⊗ R 1x and the test
module filtration is given by τ(j∗ωRx , xt) = xbtcωR for t ≥ 0. For t < 0 we set
τ(j∗ωRx , xt) = xbtcωR according to 3.6. So if t ≥ 0 is not integral then we take
ε < {t} and obtain xbt+1−εc = xdte as desired. If t ≥ 0 is integral then we take any
0 < ε < 1.
One easily verifies that the induced unit R/(x)[F ]-structure on Gr0V = R/(x) is
in this case given by the ordinary Frobenius R/(x) → F∗R/(x). Tensoring with
ωR/(x) then induces the ordinary Cartier structure on ωR/(x) which by Lemma 5.4
coincides with the one on Gr1 (cf. [20, Proposition 4.5]). 
Based on this result one might hope that given t and a unit R[F ]-module M
there is 0 < ε  1 such that τ(M⊗ ωR, xt+1−ε) = V t(M) ⊗ ωR, where the left-
hand side is the filtration introduced in 3.10 and the right-hand side is Stadnik’s
filtration. However, this is not the case in general.
First we give an example that shows that Stadnik’s V -filtration does not com-
mute with graph embeddings (the corresponding result does hold for the test module
filtration – see [20, Proposition 3.7]).
5.7. Example. Let k be a perfect field and consider the embedding i : Spec k →
Spec k[t], t 7→ 0. Consider k as a unit F -module via F ∗k → k. Observe that the
trivial filtration (i.e. V t = k for all t) is a V -filtration along f = 1.
Next, i+k = k[t, t−1]/k[t] is a unit F -module via the Frobenius induced from
localization. We claim that i+k does not admit a V -filtration along t + 1 in the
sense of Definition 5.1 (note that this is up to an identification just the graph
embedding of k filtered along 1). Indeed, one has Supp i+(k) = V (t) but assuming
that i+k admits a V -filtration along t+ 1 the associated graded of this filtration (if
it is non-zero) is supported on V (t + 1). We conclude that V s must be the trivial
filtration. One can now check that multiplication by t + 1 is an automorphism
(the element atn − atn−1 + atn−2 + · · · + (−1)n+1 at is the preimage of atn ). Hence,
this filtration satisfies all of Stadnik’s axioms except for (i) – i.e. V 0 is not finitely
generated as a k[t]-module.
5.8. Example. Let k be an F -finite field, R = k[x] and consider the trivial Cartier
module (ωR, κ) and take a graph embedding i : SpecR→ A1R = Spec k[x, t] sending
t to x. Then τ(i∗ωR, ts) = i∗τ(ωR, xs) = xbsci∗ωR (see [20, Proposition 3.7]).
Note that the unit F -module corresponding to i∗ωR is given by i+R which admits
the explicit description i+R = R[t]x−t/R[t] with adjoint structural map
α : i+R −→ F∗i+R, x 7−→ xp,
i.e. it is just the map induced by the Frobenius on R[t]x−t. The embedding i∗R→
i+R is given by r 7→ rx−t . Tensoring with ωR the map i∗R → i+R, r 7→ rf−t
corresponds to the natural map i∗ωR → colimF e!i∗ωR.
In particular, we obtain τ(colimF e!i∗ωR, xs) ⊗ ω−1R[t] = R[t] x
s
x−t . We want to
argue that τ(colimF e!i∗ωR, xs+1−ε)⊗ ω−1R[t] 6= V s.
First, we will show that (iii) of Definition 5.1 is not satisfied. Fix s ∈ N and
choose 0 < ε 1. We want to show that α(τ(colimF e!i∗ωR, xs+1−ε)) ⊆ τ(xsp+1−ε)
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does not hold in general. Assume to the contrary that this inclusion holds. Then
there exists f ∈ R[x, t] depending on s such that xspxp−tp = f x
sp
x−t in i+R. Equiva-
lently, there exists an f such that
xsp − xsp(x− t)p−1f
xp − tp ∈ R[t].
In other words, we must have xsp ∈ (xp − tp, xsp(x − t)p−1) in R[t]. Applying the
automorphism t 7→ t+ x of R[t] we see that equivalently
xsp ∈ (tp, xsptp−1)
which is never satisfied7.
Next we claim that, in the setting of Cartier modules, the natural map
Gr1i∗ωR → F !k[x]Gr1i∗ωR = HomR(F∗R,Gr1i∗ωR)
is not surjective and in particular not an isomorphism. It then follows that the
corresponding unit F -module is not coherent which shows that (iv) in Definition
5.1 is not satisfied for i = 0. By the above computation Gr1i∗ωR = ωR/xωR = k
as an R-Cartier module with Cartier structure induced by κxp−1.
The natural map is then given by
r 7→ [f 7→ κ(xp−1rfdx) mod xωR]
If this were an isomorphism then Gr1i∗ωR would correspond to a locally constant
sheaf. That is, we would have a finite étale morphism ϕ : SpecS → SpecR[x] such
that ϕ!Gr1i∗ωR ∼= ωS as Cartier modules. But since Gr1i∗ωR is not even invertible
this is absurd.
In more down to earth terms this can be seen as follows. Assume that k is perfect.
Then the map evaluates for r ∈ k to r 1pκ(xp−1fdx) mod xωR. In particular, for
f = x we obtain the zero map. But F∗R is free with basis 1, x, . . . , xp−1 so that
the projection x 7→ 1 is not contained in the image.
What we will achieve in the following is that the two filtrations coincide (up
to left/right-continuity) in the setting where Stadnik proved existence. Stadnik
constructs his V -filtration by taking G-invariants of the trivial filtration in the
situation of a Kummer covering and then shows that his V -filtration only has to be
constructed étale locally. In order to achieve a comparison we will therefore show
that test module filtrations can similarly be obtained by taking G-invariants.
5.9. Lemma. Let R be F -finite and M a Cartier module via some Cartier algebra
C. Let f : SpecS → SpecR be a finite flat morphism such that S is free as an
R-module with basis {1, s1, . . . , sn}. Assume furthermore that the spi are contained
in the R-module generated by the s1, . . . , sn. If M and f !M admit a common test
element x then the R-module N = {ϕ ∈ f !M |ϕ(1) ∈ τ(M), ϕ(si) = 0} is contained
in τ(f !M).
Proof. First, we show that N ′ = {ϕ ∈ f !M |ϕ(1) ∈ M,ϕ(si) = 0} is contained
in f !M . In order to do this it suffices to show that N ′ ⊆ C+N ′. So fix ϕ ∈ N ′.
As M is F -pure we find finitely many homogeneous elements κe ∈ Ce (e ≥ 1) and
me ∈M such that
∑
e κe(me) = ϕ(1). We define homomorphisms ϕme : S →M by
ϕme(1) = me and ϕme(si) = 0. Then
∑
e κeϕme(1) =
∑
e κe(ϕme(F e(1))) = ϕ(1)
and (
∑
e κeϕme)(si) =
∑
e κe(ϕme(s
pe
i )) = 0 since s
p
i =
∑
i risi by assumption. We
conclude that ϕ lies in C+N ′.
Next we show that given ϕ ∈ N we can find ψe ∈ f !M such that ϕ =
∑n
e=1 κexψe
for some κe ∈ Ce. Since x is also a test element for M we can write τ(M) =
7In fact, since x is smooth we could have worked with the embedding t 7→ 0 from the beginning.
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e≥1 CexM . In particular, we find κe ∈ Ce and me ∈ M such that ϕ(1) =∑n
e=1 κe(xme). Define homomorphisms ψe : S → M via ψe(1) = me and ψe(si) =
0. By the above ψe ∈ f !M and one verifies that the ψe satisfy the claimed equa-
tion. 
5.10. Remark. The assumption on the basis in the lemma is in particular satisfied
if f : SpecS → SpecR is a Kummer covering. Indeed, say S = R[t]/(tn − a) then
1, t1, . . . , tn−1 is an R-basis of S and for i = 1. . . . , n − 1 we can write ip = nl + r
and tip = altr. Since (n, p) = 1 we must have that r 6= 0.
5.11. Proposition. Let R be an F -finite ring containing an algebraically closed field
and x a non zero-divisor. Let (M,κ) be an F -pure Cartier module, assume that
Mx is F -regular and that x is a non zero-divisor on M . If f : SpecS → SpecR is
a Kummer covering along V (x) with Galois group G then one has an isomorphism
of C = 〈κexdtpee | e ≥ 0〉-modules τ(f !M,xt)G ∼= τ(M,xt) for any t ∈ Q≥0
Proof. By Proposition 4.19 we have Supp f !M = Supp f !M . As x is a non zero-
divisor of f !M we obtain that D(x) ∩ Supp f !M ⊆ Supp f !M is dense (see the
proof of [20, Proposition 4.2] for the argument). Since f is étale over D(x) and
Mx is F -regular [20, Theorem 6.15] implies, together with the above, that x is test
element for f !M .
As f is a Kummer covering S is of the form R[t]/(tn − x) for some n with
(n, p) = 1. Next, note that G is cyclic of order n. The natural G-action on S
is given by letting a generator σ act by multiplication with a primitive nth root
of unity ζn on t. If ϕ ∈ f !M is such that ϕ(ti) 6= 0 for some 1 ≤ i ≤ n− 1,
then σϕ(ti) = ζn−in ϕ(ti) so that ϕ is not invariant (note that we consider the
corresponding right action on HomR(S,−)). But clearly, σϕ(1) = ϕ(1) so that the
invariants are those morphisms than send ti to zero for 1 ≤ i ≤ n− 1.
Using Lemmata 5.9 and 4.17, we obtain that the module N constructed in 5.9
coincides with τ(f !M)G. Hence, evaluation at 1 induces the desired isomorphism.
Moreover, this isomorphism is compatible with Cartier structures. Indeed, given
ϕ ∈ τ(f !M)G we have κexdtpee(ϕ(F e(1))) = κexdtpee(ϕ(1)). 
5.12. Lemma. Let f : SpecS → SpecR be a finite étale morphism. Then S →
HomR(S,R), s 7→ Tr ◦µs, where µs : S → S is multiplication by s, is an isomor-
phism of S-modules.
Proof. See [18, 1.4, 1.2 and Proposition 6.9]. 
5.13. Lemma. Let f : SpecS → SpecR be a finite étale morphism of integral
normal schemes. LetM be an R-module and G the Galois group of the fraction field
extension Q(S)/Q(R). If G acts on f∗M by its natural action on S and G acts on
HomR(S,M) via σϕ 7→ ϕ ◦ σ−1 then f∗M → HomR(S,M),m⊗ s 7→ [t 7→ Tr(st)m]
is G-equivariant.
Proof. Since R and S are normal domains we have Tr(x) =
∑
σ∈G σ(x). Hence,
Tr(σ(s)t) = Tr(sσ−1(t)). 
Let us recall that if R is essentially of finite type over an F -finite field k with
structural map s then s!k = ωR is an invertible sheaf and by our conventions is
endowed with an isomorphism ωR → F !ωR (cf. Introduction).
5.14. Example. Write f : SpecS → SpecR for the morphism associated to the
Kummer covering R ⊆ S = R[t]/(tn − x) (in particular, (n, p) = 1). Assume fur-
thermore that R contains all nth roots of unity. We will denote by δi ∈ HomR(S,R)
for 0 ≤ i ≤ n−1 the map which sends ti to 1 and the other tj to 0 for 0 ≤ j ≤ n−1,
j 6= i.
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Then HomR(S,R) → S, δn−1 7→ 1 induces an isomorphism of S-modules since
tiδn−1 = δn−1−i for 0 ≤ i ≤ n− 1. Moreover, one has Tr = nδ0 = ntn−1δn−1. The
last equality is due to the fact that Tr(ti) =
∑n
j=1 ζ
ijti = 0 for i 6= 0, where ζ is a
primitive nth root of unity.
Let us now additionally assume that R is regular essentially of finite type over
an F -finite field. If j : SpecRx → SpecR denotes the open immersion and M is an
Rx-module then one has a chain of natural isomorphisms
f !(j∗M ⊗ ωR) ∼= j′∗f ′!(M ⊗ ωRx) ∼= j′∗f ′∗(M ⊗ ωRx) ∼= f∗(j∗M ⊗ ωR)
Let us denote the map S → j∗M ⊗ ωR sending ti to m ⊗ ω and tj to 0 for j =
0, . . . , n− 1, j 6= i by δi,m,ω. With this notation the isomorphism HomR(S, j∗M ⊗
ωR)→ j′∗f ′∗(M⊗ωRx) is given by sending δi,m,ω to 1n t−i⊗m⊗ω. This follows since
ntn−1δn−1 = Tr 7→ 1 and using S-linearity. Since 1n t−i ⊗m⊗ ω = 1n tn−i ⊗ mx ⊗ ω
we see that the composition of the natural isomorphisms above is given by
f !(j∗M ⊗ ωR) −→ f∗(j∗M ⊗ ωR), δi,m,ω 7−→ 1
n
tn−i ⊗ m
x
⊗ ω.(1)
Moreover, if R is normal and we endow f !(j∗M ⊗ ωR) = Hom(S, j∗M ⊗ ωR)
with its natural right action of the Galois group G of the fraction field extension
Q(S)/Q(R) and f∗(j∗M ⊗ ωR) with its natural (left) G-action on S then this
isomorphism is G-equivariant.
In what follows if M is an R[G]-module and N ⊆ M an R-submodule then we
will denote MG ∩N by NG although N may not be an R[G]-module.
5.15. Lemma. Let f : SpecS → SpecR be a Kummer covering of degree n of
integral schemes ramified over V (x) and assume that R is regular essentially of
finite type over an F -finite field which contains all nth roots of unity. Let j :
SpecRx → SpecR be the open immersion induced by localization. Let M be an Rx-
module and G the Galois group of the fraction field extension Q(S)/Q(R). Then
there is a natural isomorphism
Σ : (f∗j∗M)G ⊗ ωR −→ (f !(j∗M ⊗ ωR))G.
If N ⊆ f∗j∗M is an S-submodule then Σ(NG ⊗ ωR) ∼= (xn−1n N ⊗ ωS)G.
Proof. The natural isomorphism Σ is given by restricting the inverse of natural
isomorphism (1) in Example 5.14 to G-invariants.
For the second claim note that, upon identifying ωS with f !ωR one has a natural
isomorphism
Ξ : f !(j∗M ⊗ ωR)→ f∗j∗M ⊗S f !ωR
whose inverse is given by
m⊗ s⊗ ϕ 7→ [t 7→ ϕ(st)⊗m].
In particular, we obtain a G-action on f∗j∗M ⊗S f !ωR by transport of structure.
Let us write S = R[t]/(tn− x). In particular, S admits a free basis 1, t, . . . , tn−1
and the inclusion R→ S splits. We localize and assume that ωR = R · ω is free of
rank 1. We will denote by δi the element of HomR(S, ωR) which sends ti to ω and
tj to 0 for i 6= j, 0 ≤ j ≤ n − 1. As in Example 5.14 the element δn−1 generates
HomR(S, ωR) as an S-module.
We now come to the claimed isomorphism. An element of NG is also contained
in (f∗j∗M)G. Since S is a free R-module with basis ti, 0 ≤ i ≤ n − 1 an easy
computation shows that G-invariant elements are of the form m⊗ 1 for m ∈ j∗M .
In particular, an element of NG ⊗ ωR is of the form m⊗ 1⊗ ω. Such an element is
mapped via Ξ ◦ Σ to the G-invariant element ntn−1m⊗ δn−1 ∈ (tn−1N ⊗ ωS)G.
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For the other direction assume that g ∈ N and that g ⊗ stn−1δn−1 ∈ N ⊗ ωS
is G-invariant. Then g ⊗ stn−1δn−1 = sg ⊗ δ0. The G-invariants of f !(j∗M ⊗
ωR) are of the form [a 7→ δ0(a) ⊗ m] for some m ∈ j∗M . Under the natural
isomorphism f !(j∗M⊗ωR)→ f∗j∗M⊗ωS such an element is mapped to m⊗1⊗δ0.
We conclude that we have an equality (considered as elements of f∗j∗M ⊗S ωS)
sg ⊗ tn−1δn−1 = m ⊗ 1 ⊗ tn−1δn−1 for some m ∈ j∗M . From the isomorphism
S ⊗S ωS → S, s ⊗ δn−1 7→ s and the fact that tn−1 is a non zero-divisor we thus
obtain m⊗ 1 = sg. Hence, g ⊗ stn−1δn−1 = sg ⊗ δ0 ∈ NG ⊗ ωR. 
For the next lemma note that if S = R[t]/(tn − x) then S/(t) and R/(x) are
isomorphic as rings.
5.16. Lemma. Assume that R is essentially of finite type over an F -finite field.
Let f : SpecS → SpecR be a Kummer covering ramified along x ∈ R. If (M,κ)
is an F -pure Cartier module on R and M and f !M admit a common test element
then we have an inclusion of Cartier R/(x)-modules
τ(M,x1−ε)/τ(M,x1) −→ τ(f !M, t1−ε)/τ(f !M, t1),
where the Cartier structure on the quotient is given by κxp−1 and κ′tp−1, where κ′
is the induced Cartier structure on f !M .
Proof. Arguing similarly to [20, Proposition 4.8] one has an isomorphism
τ(f !M, t1−ε)/τ(f !M, t1) ∼= τ(f !M, tn−ε)/τ(f !M, tn)
of Cartier modules. Endowing f∗τ(f !M,x) with Cartier structure κ′xp−1 one checks
that τ(f !M,x)G is a Cartier submodule. By Proposition 5.11 we have an isomor-
phism τ(M,x) ∼= τ(f !M,x)G ⊂ f∗τ(f !M,x) and if we endow τ(M,x) with Cartier
structure κxp−1 then this is an isomorphism of Cartier modules. A similar state-
ment holds for τ(M,x1−ε) and τ(f !M,x1−ε). Forming quotients one obtains an
inclusion
(2) τ(M,x1−ε)/τ(M,x1)→ f∗(τ(f !M, t1−ε)/τ(f !M, t1))
of Cartier modules since τ(f !M,x) ∩ τ(f !M,x1−ε)G = τ(f !M,x) ∩ (f !M)G =
τ(f !M,x)G.
We now have a commutative diagram
SpecS/(t) i
′
//
g

SpecS
f

SpecR/(x) i // SpecR
where i, i′ are closed immersions and where g is the natural isomorphism. Since
tτ(f !M,x1−ε) ⊆ τ(f !M,x1) for ε < 1n by Briançon-Skoda ([1, Theorem 4.21]) and
Proposition 2.11 we obtain that τ(f !M,x1−ε)/τ(f !M,x1) is in fact an S/(t)-module.
Similarly one argues that τ(M,x1−ε)/τ(M,x1) is an R/(x)-module. We can thus
write the former as i′∗N and the latter as i∗N˜ . The inclusion (2) can then be
denoted by i∗N˜ → f∗i′∗N . An application of i! to the isomorphism f∗i′∗N ∼= i∗g∗N
and the fact that the counit i!i∗ → id is an isomorphism of Cartier modules yield
the inclusion N˜ → g∗N . 
5.17. Lemma. Let R be smooth over an algebraically closed field and x ∈ R smooth.
Let M be a unit F -crystal on D(x) and denote by j : D(x) → SpecR the open
immersion. Assume further that j∗M is trivialized by a Kummer covering f :
SpecS → SpecR ramified along x. Then Gr0V j∗M is a unit S/(t)[F ]-submodule of
Gr0V f
∗j∗M.
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Proof. By [21, Lemma 3.14] the restriction of V 0f∗j∗M→ F∗V 0f∗j∗M to V 0j∗M
(which is the intersection of j∗M⊗ R with V 0f∗j∗M) induces a map V 0j∗M →
F∗V 0j∗M. A similar statement holds for V εj∗M and since R/(x) ∼= S/(t) we
conclude that the unit S/(t)[F ]-crystal structure on Gr0V f∗j∗M restricts to the
unit R/(x)[F ]-crystal structure on Gr0V j∗M. 
5.18. Proposition. Let R be smooth over an algebraically closed field. Let x be
a smooth element of R and let M be a unit F -crystal on D(x). Assume further
thatM is trivialized by a Kummer covering f : SpecS → SpecR ramified along x.
Then
V aj∗M⊗ ωR = τ(j∗M⊗ ωR, xa+1−ε) for all a > −1,
where 0 < ε 1 and j : D(x)→ SpecR is the open immersion. Moreover, the unit
R/(x)[F ]-crystal Gr0V (j∗M) corresponds to the Cartier crystal Gr1τ (j∗M⊗ ωR).
Proof. Assume that S = SpecR[t]/(tn − x). In particular, f has degree n and
f∗M∼= Srt . By Proposition 5.6 we have
V aj∗Srt ⊗ ωS = τ(j∗ωrSt , ta+1−ε).
Multiplying the right-hand side with tn−1 and takingG-invariants we obtain τ(j∗M, x an+1− εn )
by Propositions 5.11 and 2.11. By Lemma 5.15 theG-invariants (tn−1τ(j∗ωrSf , t
a+1−ε))G
coincide with (V aj∗Srf )G⊗ωR. Due to [21, Lemma 3.14] (V aj∗Srf )G coincides with
V
a
n j∗M.8 We conclude that V an j∗M⊗ ωR = τ(j∗M⊗ ωR, x an+1−ε) as claimed.
For the addendum recall that by the proof of Proposition 5.6 one hasGr0V (f∗j∗M) =
(R/(x))r and Gr1τf !(j∗M⊗ωR) = (ωR/(x)ωR)r ∼= ωrR/(x), where the latter isomor-
phism is due to Lemma 5.4. We have the following situation
i!i∗Gr1τ (f !(j∗M⊗ ωR))
∼= // i∗i∗Gr0V (f∗j∗M)⊗ ωR/(x)
i!i∗Gr1τ (j∗M⊗ ωR)
OO
ϕ
// i∗i∗Gr0V (j∗M)⊗ ωR/(x)
OO
where the vertical arrows are inclusions by Lemmata 5.16 and 5.17. We only have
to find an isomorphism ϕ that makes this diagram commutative.
We have the following chain of natural isomorphisms that induce both ϕ and
the top horizontal isomorphism. By the first part of the proposition and the ex-
actness of ⊗ωR we have an isomorphism i∗Gr1τ (j∗M⊗ ωR) ∼= i∗Gr0V (j∗M) ⊗ ωR.
Applying i! to this isomorphism and using [14, Corollary III.7.3] we get an isomor-
phism i!i∗Gr1τ (j∗M⊗ ωR) ∼= i∗(i∗Gr0V (j∗M)⊗ ωR)⊗ ωi, where ωi is by definition
HomR/(x)((x)/(x2), R/(x)). Applying the isomorphism i∗ωR⊗ωi ∼= ωR/(x) (cf. [14,
Proposition III.1.2]) we obtain ϕ and the top horizontal isomorphism. 
5.19. Lemma. Let f : SpecS → SpecR be a finite flat morphism and let j :
SpecT → SpecR be étale. If (M,κ) is a Cartier module on R then we have a
natural isomorphism of Cartier modules j′!f !M → f ′!j!M , where j′, f ′ denotes the
base changes of j, f .
Proof. We have to verify that the isomorphism
HomR(S,M)⊗S (S ⊗R T ) −→ HomT (S ⊗R T,M ⊗R T )
ϕ⊗ (s⊗ t) 7−→ [s′ ⊗ t′ 7→ ϕ(ss′)⊗ tt′]
is Cartier linear.
8Our notation is slightly different from the one of Stadnik. In his notation V aj∗Srf should be
V
a
n j∗Srf (cf. [21, Definition 3.1]).
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An element ϕ⊗ (sp ⊗ tp) is mapped to κ ◦ϕ ◦F ⊗ s⊗ t by the Cartier structure
which is mapped to [s′ ⊗ t′ 7→ κ(ϕ(ss′p)⊗ tt′p]. The other way around we get that
[s′ ⊗ t′ 7→ ϕ(s′sp)⊗ t′tp] is mapped to [s′ ⊗ t′ 7→ κ(ϕ(ss′p)⊗ t′tp] as desired. 
5.20.Remark. The result of Proposition 5.18 does not hold for a ≤ −1. To see this
consider R and f : SpecS → SpecR as above with n = p− 1 and take M = j∗j!ωR
with Cartier structure given by κx. Then f !j∗j!ωR ∼= j′∗j′!f !ωR = j′∗j′∗ωS by
Proposition 4.10 and Lemma 5.19, where the Cartier structure is given by κtp−1
(here κ now denotes the natural Cartier structure on ωS).
First we claim that τ(ωS , t0) = tωS (where ωS carries the Cartier structure
κtp−1). By Lemma 4.12 ωS is F -pure. Since t is a test element one has τ(ωS , t0) =
(κtp−1)etωS = κetp
e
ωS = tωS for e  0, where we used [5, Lemma 4.1]. A small
computation shows that the inclusion ωS → j∗j!ωS is a local nil-isomorphism for
the Cartier structure given by κtp−1.
We conclude that for a+ 1− ε negative τ(j′∗j′!ωS , ta+1−ε) = tba+1−εctωS , where
we use right-continuity. In particular, working locally so that ωR is free of rank
1 we have τ(j′∗j′!ωS , ta+1−ε) = S · tba+1−εcδn−2, where δn−2(ti) = δi,n−2ω for
0 ≤ i ≤ n− 1 and ω is a generator of ωR.
Now assume that p = 3 (so n = 2) and −1 ≥ a ∈ Z. We claim that
(3) τ(j∗j!ωR, x
a−ε
n +1) 6= (tn−1τ(j′∗j′!ωS , ta+1−ε))G.
Take a = −2 (in fact, any even negative integer works) then the left-hand side
is equal to x−1ωR while the right-hand side coincides with (ωS)G = Rδ0 = ωR.
Inequality (3) shows that Proposition 5.11 does not hold for negative exponents.
Since it holds for Stadnik’s super-specializing V -filtration the two filtrations cannot
coincide for negative values in general.
5.21. Lemma. Let R be smooth over an algebraically closed field. Let x be a smooth
element of R and let M be a unit F -crystal on D(x). Let f : SpecS → SpecR be
a surjective étale morphism. Assume that
V af∗j∗M⊗ ωS = τ(f∗j∗M⊗ ωS , xa+1−ε)
for an a ≥ −1. Then we have the equality
V aj∗M⊗ ωR = τ(j∗M⊗ ωR, xa+1−ε).
Proof. By [20, Corollary 6.17] we have τ(f∗(j∗M⊗ ωR), xa+1−ε) = f∗τ(j∗M⊗
ωR, x
a+1−ε) and by [21, Lemma 3.9] we have f∗V aj∗M = V af∗j∗M. Moreover,
as f is étale we have a natural isomorphism f∗j∗M⊗ ωS ∼= f∗(j∗M⊗ ωR) which
induces isomorphisms τ(f∗(j∗M ⊗ ωR), xa+1−ε) ∼= τ(f∗j∗M ⊗ ωS , xa+1−ε). By
faithfully flat descent the claim follows. 
5.22. Lemma. Let R be smooth over an algebraically closed field and x ∈ R a
smooth element. Let f : SpecS → SpecR be an étale morphism and let M be
a unit R[F ]-module admitting a V -filtration along x. If the unit S/(x)[F ]-crystal
Gr0V f
∗M corresponds to the Cartier crystal Gr1τf∗M⊗ωS then the unit S/(x)[F ]-
crystal f∗Gr0VM corresponds to the Cartier crystal f∗Gr1τM⊗ ωR.
If f is also surjective then the unit R/(x)[F ]-crystal Gr0VM corresponds to the
Cartier crystal Gr1τM⊗ ωR.
Proof. According to [21, Lemma 3.9] one has a natural isomorphism of unit S/(x)[F ]-
crystals Gr0V (f∗M) ∼= f∗Gr0V (M). By [20, Corollary 6.21]9 we have an isomorphism
of Cartier crystals f∗Gr1τM⊗ ωR ∼= Gr1τf∗(M ⊗ ωR). Since the latter is naturally
isomorphic to Gr1τf∗M ⊗ ωS we obtain the desired isomorphism.
9The F -regularity assumption is not needed since we consider the associated graded of the test
module filtration.
TEST MODULE FILTRATIONS FOR UNIT F -MODULES 29
The last claim follows from faithfully flat descent. 
Now we can state the main result of this section (recall the definition of a tame
unit R[F ]-crystal – Definiton 5.3).
5.23. Theorem. Let R be smooth over an algebraically closed field. Let V (x) ⊆
SpecR be a smooth hypersurface with complement U and natural inclusion j : U →
SpecR. If j∗M is a tame unit R[F ]-crystal, then for all t ≥ −1 we have
V tj∗M⊗ ωR = τ(j∗M⊗ ωR, xt+1−ε)
for all 0 < ε 1 depending on t, where V t denotes the V -filtration of Stadnik (cf.
Definition 5.1) and τ is the extended test module filtration (cf. Definition 3.10).
Moreover, the unit R/(x)[F ]-crystal Gr0V (j∗M) corresponds to the Cartier crystal
Gr1τ (j∗M⊗ ωR).
Proof. The first claim is clearly Zariski local. By Lemma 5.21 we may pass to étale
coverings. Hence, we may assume that j∗M is trivialized by a Kummer covering
by [21, Lemma 3.12]. But now the first claim follows from Proposition 5.18. The
second claim follows from combining Lemma 5.22 and Proposition 5.18. 
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